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I. INTRODUCTION AND SUMMARY 

For a theoretical description of power plants that derive thegr energy from the combustion of ~ 

fuel, it is necessary  to solve, to an appropriate degree of precision,  a hydrodynar~dc problem th.~t 

requires for i t s  solution a knowledge of the thermodynamic propert ies of the g,orking fluid co;n- 

posed  of the products of the combustion reaction. It is  usually a good appro~mation to assume 

that the properties of the combustion gas  are determined by the conditions of :thermal equilibrium, 

and i t  is thus poss ib le  to employ the methods of c lass ica l  thermodynarrdcs for their computation. 

The thermodynamic propert ies  of fuel ga se s  also are of  considerable importance, as they form the 

bas i s  for the design of appropriate means for their effect ive utilization. The ~pecification of the 

operating conditions to produce a gas  for use as an intermediate in a eherrdeaI p rocess ,  such ~ 

the synthes is  of liquid fuels,  may be based upon a study of the variation of the composition of 

the synthesis  gas with changes in the various process  var iables .  

Although there exist  a large number of important scientif ic  and technical appHcation:, of the 

data that can be obtained from the systematic  determination of the therraodynaraJe properde~ of 

combustion gases ,  such application has been greatly handicapped by the e:.v:rer~tely tediou~ arid 

time-consuming computational methods required. The development of lar:~e-sc~e automatic corr~- 

putat ional  equipment makes feasible  the initiation of a systemat ic  prograrc, for the determination 

of the thermodynamic propert ies of combustion gases  and for the application of such data to ~,pe- 

cific problems of scientif ic and technical importance. 

As a part  of i ts  program of basic  research in flame and combustion phenomena, the E>:plo- 

s ives  and Physica l  Sciences Division of the Bureau of Mines i s  engaged in such a prograr~. The 

present  communication is designed to introduce a ser ies  of reports presenting, ~he resul ts  of thi~ 

program. 

There  has long exis ted a need for sys temat ic  and economical methods for the ca/culatior~ of 

the thermodynamic propert ies  of  sys tems of many const i tuents ,  and this need is emphasized by 

the application of automatic computational equipment. In the present  report~ we wish to assemble  

the methods that have been employed in this laboratory and that have been ~hov.~ to be partic~a- 

larly well-adapted to routine application. 

Consideration of the thermodynamics of combustion gases  is  introduced by a discussior t  of 

the stoichiometry of multicomponent sys tems  and of appl icat ions of  the phase  rule to such sys-  

tems. This  formal treatment serves  to introduce the notation that will be employed consistent]), 

throughout the remainder of the report, and it e s tab l i shes  the conditions for eqailibrium in multi- 

component systems in a mathematicM form that is  part icularly appropri;,te for computationM 

procedures. 

Two methods are described for the calculat ion of the equilibrium conTo~ition of sys t ems  of 

many constituents.  These methods are employed in the formulation of several  speci f ic  corr, p~- 

tadonal  programs for the calculat ion of the equilibrium composition of sys tems composed of co~- 

pounds of carbon, hydrogen, oxygen, and nitrogen. 
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Throughout this report, we assume that the ideal gas  law provides  an adequate equation of 

s ta te  for the gaseous phase .  However, i t  i s  shown that the methods for the calculat ion of  equi- 

librium composition are eas i ly  general ized to take account of gas  imperfections,  and that  this 

generalization does not affect  in any important respec t  the detai led computational programs al- 

ready formulated. The necessary  general relat ions are summarized. They can be applied to spe- 
cific torms of the equation of state without difficulty. 

The calculation of the thermodynamic propert ies of  the equilibrium mixture is  straightforward 

after the composition of the mixture is  known. We summarize briefly the well-known thermody- 

namic relations that are employed for this purpose. 

We conclude with a description of a mass ive  generalized table o f  the equilibrium composition 

and thermodynamic propert ies at equilibrium of the four-component system containing compounds 

of carbon, hydrogen, oxygen, and nitrogen. The table will l is t  the composition and thermody- 

namic properties over an extended range of temperature and pressure,  and i t  will include all pos- 

sibIe combinations of the four elements,  the spacing of calculated points  being small enough to 

permit accurate interpolation. The table will be the result of about half a million individual com- 

putations, and i ts  construction ut i l izes  the computational methods de sc r ibed in  this report. 

I I .  ACKNOWLEDGMENTS 

The numerical calculat ions by means of which the general ized table,  referred to above,  is  
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Arm)'. The authors are greatly indebted to L. S. Diderick, of the Bal l is t ic  Research Laboratory,  

for his interest  and continued cooperation. They wish to record their appreciation of the labors 

on this project of all of the members of the ENIAC staff. The a s s i s t a n c e  of John V. Holberton 
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Port ions of this research have been carried out as  part  of P ro jec t  No. NA onr 25-47, sup- 

ported by the Office of Naval Research and the Air Force. 

I l l .  STOICHIOMETRY AND APPLICATION OF THE PHASE RULE 

The composition and the thermodynamic propert ies  of a mixture at equilibrium are independent 

of the path by which equilibrium is  attained. From the point of v iew.of  thermodynamics, the mo- 

lecular  form in which the different elements are ini t ial ly introduced to the system is  therefore ir- 

relevant,  and it suff ices to specify the gross  composition of the system in terms of the elements  

contained by it. As the composition of the system at  equilibrium i s  most appropriately expressed  

in terms of intensive quantities (mole fractions),  the resul ts  are independent of  the total s ize  of 

the system, which may be taken to be any convenient value. Therefore, i f  the number of  different 

elements in the system is m, it is  sufficient for a unique description of the system to specify  the 

number of gram atoms of m-1 elements relat ive to an arbitrary amount of the m-th element, i .e . ,  to 
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specify values  of the quanti t ies  ( x ( k ) / x  (m)) k = 1, 2, ... m-I ,  where 

qi: = (x(k)/x(m))  Qm, (5.1) 

and Qk and Qm are the number of  gram atoms of  the k-th and m-th e lemems,  respect ively,  a v i l -  

able to the System. Mtemat ive ly ,  one may specify m-1 different l inearly independent combir~a- 

t ions of  these rat ios Rkm. X?e note that i t  i s  not a lways necessary  to ~ e c i f y  as many a~ m- I ,~f- 

ferent quantities. 

Description of Carbon, Hydrogen, Oxygen, Nitrogen S~,'stems 

A l i rge  number of  different se t s  of parameters  can be employed for the descript ion of  the 

gross  composition of any given system. In this section,  we introduce cert~drt parameter~ tha~ are 

part icularly convenient for the description of sys tems  composed of compounds of carbon, hydro- 

gen, oxygen, and nitrogen, and we deduce several  relat ions that will be employed later .  Ahern~- 

t i re  descript ions may be t ransposed i n t o  the language of  this s e c t i o n  by obvious  a lgebr ; i c  

procedures.  

For a discussion of the thermodynamics of combustion gases ,  it is converient  for the descrip-  

tion of the gross  composition of the system to employ the parameters ,  

A = QN/(4Qc + QH + QN), 

B = QH/(4Qc + QH), 

C = 2Qo/(4Qc + QH + 2Qo), 

(3.2) 

where QC, QH' QO, QN are the number of the gram atoms of carbon, hydrogen, oxygen, and nitro- 

gen, respect ively,  avai lable  to  the system. Quantity C is  a measure of  the amount of oxygen 
actual ly  avai lab le  to the system relative to that  required for conversion of atl of  the carbon to 

carbon dioxide and all of the hydrogen to steam. At this stoichiometrie poin~ C = 1/2. Rich fuel- 

oxidant sys tems are character ized by C < 1/2  and lean sys tems by C > 1/2. 

It  will be  show~a that for the characterizat ion of rich fuel.oxidant system3 consist ing of a ga~. 

mix-ture in heterogeneous equilibrium ~4th solid carbon, it i s  sometimes convenient to descr ibe  

the  relat ive hydrogen, oxygen, and nitrogen content by means of pararneters that are independen~ 

of the amount of carbon. For this purpose,  an appropriate set  o fpara rae te rs  cons i s t s  of 

B = QH/C4Qc ÷ q4) 

n = QN/(QH + 2QO + QN) 

E = 2Qo/(QH + 2Qo). 

(3.3) 

~ e  note the s e t s  (3.2)  and (3 .3)  are not independent ,  but that 

A(142) 
D = (l-A) [B(1-C) + C] ÷ A(142) 

(3.4) 

E = 
C 

B(1-C) + C. 
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Equations (3.2) or (3.3) determine the amounts avai lable  to the system of three of the d e m e n t s  

relative to the amount avai lable  of the fourth. If  oxygen i s  selected as the reference dement ,  
then 

QC (l-B) ('1-C) ( l -B) (I-E)  

(C/O) = Q°  = 2C = 2BE ' 

QH 2B(1-C) 2(l-E) 
(H/O) = QO = C = E ' (3.5) 

QN 2A(1-C) 2D 
(N/O) = 

QO = C(1-A) = E(i-D) 

For the characterization of fuel-air systems,  i t  i s  convenient to employ the parameters  A, B, 

and C as defined by equations (3.2) to describe the relative concentrat ions of  carbon, hydrogen, 

oxygen, and nitrogen of the fuel alone without regard to the constituents of air. These  fuel pa- 
r.m~eters may be distinguished from their more general counterparts by a superscr ipt  f. Then, if  

the fuel-air ratio is determined by the general parameter C, taking account of  the total  avai lable  
oxygen, it is easy to shox~, that 

b( I-B f) (i-C) ( 1-C f) + c (C-C f) 

(C/O) = 2bC(1-C f) + 2c (C-C f) ' 

( H / O )  = 

(N/O)= 

4bBf(1-C) ( l - C b  

2bC( 1-C f) + 2c(C-C f) ' 

4bAr(l-C) (1-cf)/(I=A f) + 2a(C=C f) 

2bC(1-C f) + 2c (C-C f) 

(3.6) 

(A/O)= 
d (C-C f) 

2bC(1-C f) + 2c ( c - c f )  ' 

where A f, B f, C f are measures  of  the fuel composition, C i s  the measure of the total amount of 

available oxygen in fuel and air, and where a =0.780881, b =0.209495, c =0.000300, and d = 
0.(109324. The composition by volume of dry air has been taken to be 

Oxygen, 20.9495% 

Nitrogen, 78.088 l ~  

Carbon dioxide, 0.0300% 

Rare g a s e s  (Argon), 0.9324% 

If  the fuel is a hydrocarbon, A f =C f =O, and equations (3.6) reduce to 

( c / o )  = 
b(1-B f) (1=C) + cC 

2C (b + c) 
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4bBf(1-C) 

(H/O)  = 2C (b + c ) '  

a d 

( N / O )  : b ~ c '  ( a / O )  -_ ~ (b * c) 

(3.7) 

The Components 

In a sy s t em con ta in ing  many c o n s t i t u e n t s ,  i t  i s  p o s s i b l e  to s e l e c t  ce r t a in  c o n s t i t u e n t s  i:h;~e 

a re  su f f i c ien t  for the comple te  thermodynamic  d e s c r i p t i o n  of  the  compos i t ion .  By th is  i t  i~ n:,c;~r,~ 

that  i f  ,he  sys tem i s  c o n c e i v e d  to c o n s i s t  of  the s e l e c t e d  c o n s t i t u e n t s  only ,  i t s  g r o s s  c o w p o s i -  

t ion (in terms of the amounts  of  e ach  chemica l  e l emen t  p r e sen t )  i s  c o m p l e t e l y  def ined .  The  con- 

s t i t u e n t s  thus  su f f i c ien t  to d e s c r i b e  the compos i t ion  are ca l l ed  the c o ~ F o n e n t s  of  the  .~ ,tert~. 

An a n a l y t i c a l  c r i te r ion  has  been  pub l i shed  3--/ for the  cho ice  of  the componen*s.  In te rms of t hG  

cr i te r ion ,  the  cond i t ions  for equi l ibr ium may be wr i t ten  in a form tha t  h a s  a h igh  degree  of  ~ym- 

metry  and i s  p a r t i c u l a r l y  we l l - adap t ed  for formulat ing a computa t iona l  rc~ethod for the c ~ c u l a t i o n  

of the equi l ibr ium compos i t ion .  

The  number of  c o n s t i t u e n t s  of  any sys t em depends  upon the accurac  5 ,~ith which i t  i s  de.~ire3 

to  d e s c r i b e  i t s  compos i t ion .  The  c o n s t i t u e n t s  to be cons ide red  must be chosen  a pr ior i ,  and thi~, 

cho ice  u s u a l l y  wil l  imply  the neg lec t  of  ce r ta in  equ i l ib r i a  tha t  may be e x p e c t e d  to exe r t  a r)e>2.1i- 

g ib le  ef fec t  on the compos i t ion  of the  sys tem at  equi l ibr ium.  

C o n s i d e r  a c l o s e d  sys tem con ta in ing  s d i f ferent  s u b s t a n c e s ,  which ~ e  a s sume d  to b e  in 

chemica l  equi l ib r ium.  The  molecu la r  formula of  the i - th  s u b s t a n c e  may be r e p r e s e n t e d  by 

y ( i )  = X(1) • . .  X(~) k x(m) (3£;) 
g i l  " " " a i m '  

i = 1, 2, . . • s, where X (k) i s  the syrakol of  the k- th  e lement ,  e'it: i s  the  ~ubscr ip t  (which  ~ a y  L,: 

zero)  to t h i s  symbol in the formula to the i - th  s u b s t a n c e ,  and m is  the to ta l  number of  elerrte~t~ 

r e p r e s e n t e d  in the  sys t em.  For  every  i ,  the a r ray  of  s u b s c r i p t s  0. ik ,  k = I, 2, . . • , r% may b~. 

s a i d  to def ine  a vec to r  

Yi = (Ceil' " " " ' ~ik,  • " • , a im) '  (3.9) 

which may be  ca l l ed  the  formula vec tor  of  s u b s t a n c e  i.  If the  rank of  the mat r ix  o f  the vec to r  

e i e m e n t s  C~ik i s  c, i t  fo l lows  from a we114:nown theorem of  a l ge b ra  that  there  are  c l i n e a r l y  i r tde-  

penden t  vec to r s ,  and i f  c --< s there  are (s-c)  l i n e a r l y  dependen t  vec to r s ,  which may be e:wr¢~.~,:d 

a s  l i nea r  combina t ions  of  the i ndependen t  v e c t o r s .  It may be a s s u m e d  tha t  the  i n d e p e n d e n t  v e c -  

tors  are d e s i g n a t e d  by the  v a l u e s  1, 2, • • • , c of thei r  index.  Then  the dependen t  vector-~ rrj~), 

be  e x p r e s s e d  as  h n e a r  combina t ions  of the form 

3 /  Br inkley ,  S. R. ,  J r . ,  Note on the Cond i t ions  of  Equi l ibr ium for Sys tems  of Many Constit~er*t'~,: 

Jour .  Chem. P h y s . ,  vol .  14, 1946, pp. 563-64. 
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C 

E vij  Yj =Yi, 
j=l  

(3.10) 

i ~ c + 1, c + 2 . . . .  , s .  T o  e q u a t i o n  ( 3 . 1 0 )  there correspond ( s - c )  conceivable chemical 
reactions 

C 

vi j y( j )  =y(i) ,  
j=l  

(3.I1) 

resulting in the formation, from the c subs tances  with l inearly independent formula vectors,  of the 

(s-c) substances  with l inearly dependent formula vectors .  It follows that the specif icat ion of  c 

substances  such that their formula vectors  are l inearly independent is  sufficient for a description 

of die composition of the system. Therefore, the number of components of the system equals the 

rank c of the matrix of the subscripts  to the symbols of the elements in the formulas of the sub- 

~tances comprising the system. The number of components is  usually,  but not necessar i ly ,  equal 

to the number of different elements in the system. It may be noted that the choice of independent 

vectors is not, in general, unique and that, in consequence,  the choice of c subs tances  as com- 

ponents and the expression of the remaining (s-c) subs tances  as products of  react ions involving 

o,aly the chosen components i s  usually not unique. However, for the heterogeneous case ,  con-  

sisting of a gas mixture in equilibrium with a solid phase  composed of a single constituent, these  
criteria can be sa t is f ied only by the se lect ion of that consti tuent  as a component. 

This  discussion has demonstrated the poss ibi l i ty  of  a choice of components,  which make it 

poss ib le  to express each of the dependent const i tuents  as products of react ions involving com- 

ponents only. Our computational procedure for the determination of the equilibrium composition 

is  based upon the poss ib i l i ty  of writing down for the case  of interest  the react ions  that are ex- 

pressed by equations (3.11). In many eases  it i s  poss ib le  to write these react ions immediately 

b) intuition. In some cases  it may be necessa ry  to formulate the react ions of  equations (3.11)by 

appl)ing to the system under consideration the s teps  indicated by equations (3.8) to (3.10). 

If tile number of  moles of the j-th component contained in the hypothetical system consis t ing 

ot components only is  denoted by q j, it i s  evident that 

C 

Z ajk qj =Qk, (3.12) 
j=l  

k 1, 2, . . . m. ~e shall assume henceforth that the number of components c is equal to the num- 
ber of different elements m. Introducing the rat ios defined by equation (3.1), we obtain 

C 

Z 
j=I 

ajk qj " (x(k)/x(m)) Qm =0. (3.13) 
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For the systems to be considered in this report, it is convenient to asstt~e that 

j q j = l ,  (3.14) 

where the operator ~ - )  denotes a summation over the gaseous components only. Eq~atior~s 

/ - - - . . -  j 

(3. I3) and (3.14) constitute c+1 linear nonhomogeneous equations in the quantities Qm and qlj, 
j = 1, 2, • . . c, and they may be employed to express the qj in terms of the ratios ( x ( k ) / x  (m)) an'~ 

thus in terms of the parameters employed for the description of the system. Equation (3.1~) i~; 

equivalent to  an assumption as to the total size of the system, the wei~:ht M o of the ga~,c,:,~ 

phase being given by 

Mo = ~ '  qj Mj, ( 3 , 1 5 )  

- - j  

where Mj is  the molecular weight of the j-th component. 
mined by means of equations (3.13) and (3.14), the normalized stoichiometrie constants.  

We shall call the constants qj, dev_,r= 

Conditions for Equilibrium 

The discussion of equilibrium in systems of many constituents assumes a particularly sift pie 

and symmetrical form in terms of the definitions that have been introduced. We consider the [:~:n- 

eral case where the s substances are distributed among g eoe:dsting phase:~. The consen, atiort of 

mass in the s~tem as a whole requires that 

nj Mj + n i (k)M i = 
k=l  j=l i='c+ I 

C 

j---1 

(3.16) 

where ni(k) and nj (k) are the number of moles in the k-th phase of the i-tb and j-th sub,tar!eel., 

respect ively,  and M i and Mj are the corresponding weights of I mole. As mass is conserved by 

each of reactions (3.11), one may substitute 

e 

Mi = E 
j=l 

"~ij Mj ( 3. I7) 

into equation (3. 16). On equating the coefficients of Mj, there are obtMned 

S 

zl z k>Iq 
k = l  i = e  ÷ I 

C3. ~:) 
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j - I ,  2 , .  • • c .  

Ttle derivation by means of the method employed by Gibbs, 4-/ subject to the constraints of 

equations (3.18), of the conditions for equilibrium is straightforward, and it is unnecessary to 

reproduce it here• The usual conditions for thermal and mechanical equilibrium are obtained, and 

the' conditions for chemical equilibrium take the form, 

ktj(k) = Xj, (3. I9) 

C 

~ti(k) = Z  viJ )vj, (3.20) 

j=l ~ (k) 
k : I, 2, r~. j -- 1, 2, . . c; i =c + 1, c + 2, . . .  s, where ~.(k) and are the chemical 

potentials in the k-th phase of the i-th and j-th substances, respectively,  the ~j  are constants  
that may be eliminated from equations (3.19) and (3.20), and where it has been assumed for sim- 
plicity that each substance of the system is included in every phase.  If a particular component 

is excluded a priori from some phase,  the corresponding member of equations (3. 19) disappears 
as being githout meaning, and similar considerations obtain if  a particular dependent consti tuent 

is excluded a priori from some phase. 

Together with equation (3. 18), equations (3.19) and (3.20) provide, by reason of their symme- 
try, the simplest basis for calculating the concentrations at equilibrium of the several constitu- 

ents of the system. In particular, if the substances are limited to a single phase, the equations 

become 
S ' k - " - ' - - "  

nj + ~  v i j n  i = q j ,  (3.21) 

i =c+ 1. 

C 

~ i "  Z viJ ~J =O'  
J=! 

(3.22) 

j ; 1, 2, . . • c, i =c + l . . . .  s, for equilibrium at constant temperature and pressure. Equations 

(3.21) and (3.22) are also applicable to systems composed of a gas phase in equilibrium with a 

single pure solid phase, as in this case  it is not necessary to retain explicit ly the index label  

of the phase. 

The chemical potential of the k-th consti tuent  of a gas mixture can be expressed as 5-/ 

0 

bL k =~k (T) "~ RT l o g p k  , (3.23) 

,jJ Collected ~orks of J. Willard Gibbs: Longmans, Green & Co., New York and London, 1928, 

vol. i, pp. 63-82. 

~_/ See, for example, Guggenheim, E. A., blodern Thermodynamics by the Methods of Willard 

Gibbs: Methuen & Co., Ltd., London, 1933, p. 72. 
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* o 
where Pk is the fugacity of the k-th constituent in the mixture and LLt: (T), th:2 chemical potend~d 

of the k-th constituent in the standard state of unit fugaeity, is a function o{ the temperat,~re:~ T, 

only. The chemical potential of a constituent,  say the m-th, exist ing a'-; a pure solid pha. ,_~e, can 

be v.~itten as a function of temperature only, 

O 
=~ (T), (3.24) 

m m 

for the range of pressures  to be considered in this report. Equations (3.22) can be .~nritten 

log Pi " / ~  • "~) ij log pj =log Ki, (3.25) 
1 

where 

e o o 

R T l o g K  i = ~ -  v i i  ~j " ~ i  (3.26) 
j - - 1  

Ki, the thermodynamic equilibrium constant  of the react ion (3.11)for the formation of  the i-th d,:- 

pendent constituent from the components, is a function of the temperature only. Equation~ (3.25) 
are valid both for homogeneous gas  mixtures and for heterogeneous s)'ste~r,s composed of ;a #;,a~ 

mixture in equilibrium with a single pure solid phase,  the summation beirt;g over gaseou~ cor,- 

ponents  only. 

Degrees of Freedom of Carbon, Hydrogen, Oxygens Nitrogen Sy~tem~ 

The phase rule of Gibbs can be obtained directly from Equations (3.18h (3.19), and (3.20). (2/ 

I t  can he exq~ressed in the form 

f = c  + 2 ° K ,  

where f is  the number of degrees of freedom p o s s e s s e d  by a system of c components and ~ pbzt_~,.'~; 

that depends on two state var iables .  

The four-component system containing carbon, hydrogen, oxygen, arid rdtrogen eonsi~tL-, of 

two regions. There is a region of  low oxygen: carbon ratio in which the system is hetero~:eric- 

ous, consist ing of a gas phase in equilibrium with solid carbon. If the oxygen:carbon ratio ex-  

ceeds a critical value (whiCh depends on the temperature, pressure,  and corr, position), the systcrc~ 

is homogeneous, consist ing of a single gas phase.  

6_/ Brinkley, S. R., Jr. ,  Work cited in footnote 3. 
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According to the phase rule, the homogeneous portion of the four-component system pos-  
ses ses  five degrees of freedom, and the heterogeneous portion four degrees of freedom. The 
state is uniquely determined by the specification of two state variables,  for which purpose either 

the temperature and pressure or the temperature and volume are commonly selected. The thermo- 

dynamic requirements for the description of the homogeneous portion of the system are completed 
by the specification of three parameters defining i ts  gross composition. The specif icat ion of 

only two parameters defining gross composition is necessary  in the case  of the heterogeneous 

portion of the system. 

As equations (3.25) are independent of the amount of solid phase actually contained by the 

system, it is convenient to define tile relative amounts of hydrogen, oxygen, and nitrogen avail-  

able to the system. For this purpose, parameters D and E of equations (3.3) are appropriate, and 

the specification of D and E together with two state variables is  sufficient thermodynamically 

for the complete description of the system. The number of gram atoms of carbon present in the 

gas phase of the system at equilibrium (as carbon monoxide, carbon dioxide, methane, etc.)  is  
v 

easily computed after the equilibrium composition is known. If this quantity is  denoted by Qc, 

x~c ~ may calculate 

B1 =QH/(4Qc + QH). (3.27) 

t 
As K)c is a function of the composition at equilibrium, the ratio defined by equation (3.27) is  an 
implicitly defined function of the state (say the temperature and pressure) and of the relat ive 
hydrogen, oxygen, and nitrogen compositions. This functional relationship is expressed by 

B 1 =B 1 (D, E ,p ,  T), (3.28) 

v, here p is  the pressure. Equation (3.28) defines a surface in the space with coordinates B, D, 

and E that may he termed the carbon boundary surface. This surface represents  the limiting con- 

ditions under ~hich a gas phase can exist in equilibrium with solid carbon. 

If the relative gross composition of a particular mixture of the four elements is  specified by 

values of the three quantities B, D, and E, as defined by equations (3.3), and if B <B 1 f o r a  
gix, en temperature and pressure, then the mixture at equilibrium consis ts  of a gas phase  whose 

t 
composition is uniquely determined by the values of D and E in equilibrium with Qc " Qc gram 

atoms of carbon, where 

q c -  Qc = k B 1 B ]  Qo" (3.29) 

As the ratios D and E can be expressed as functions of A, B, and C by means of equations 

( 3. ,~) 

D =D (A, B, C), 

E =E (B, C), 
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it follows that the functional relation, equation (.3.28), defining the carbon b3urtdary surface, can 

be converted to the form, 

B 1 =B 1 (A, C, p, T), (3.30) 

and inverted to the form 

C 1 =C 1 (A, B, p, T) (3.31) 

by suitable numerical procedures.  Here C 1 is  the critical value of C for the carbon bour~dary ~,!Jr- 

face,  the heterogeneous portion of the system corresponding to the region C <C l. The repre:,eu- 
tation, equation (3.28), i s  the natural one to employ for invest igat ions ~:itbin the heteroger~tous 

portion of the system, and the representat ion,  equation (3.31), i s  the more convenient one to em- 

ploy for the description of the extent of the homogeneous region. ~)?e shMI show in a later "_,ec- 
tion that it is poss ib le  to determine the relation (3.31) by direct calculation for given va/ue-~, of 
A, B, p, and T, as  an alternative procedure to the ser ies  of interpoladorts required to obt~hr, t}te 

representation (3.31) from the representation (3.28). 

If C >/C 1 (A, B, p, T), the system cons i s t s  of an homogeneous g a s  phase with five degrL'eS 
of freedom. The complete descript ion of the system therefore requires the specificatior, of two 

state variables and three parameters  describing the gross composition of the system, the set  A, 

13, C of equations (3.2) being a part icularly convenient set for the con~:ideration of eorabu~,tJon 

gases .  

IV. CALCULATION OF THE EQUILIBRIUM COMPOSITION 

The composition of a system at chemical equilibrium i s  eas i ly  calculated where there is ordy 

a single reaction (one dependent constituent) to be considered. In this case ,  the concentr;;~t~on 

of each constituent can be related to a single variable,  " the  degree of react ion,"  and the solu- 

tion of the mass  action equation i s  straightforward. Difficult ies are e n c o ~ t e r e d  if this  m,:thod 

i s  extended to a consideration of two simultaneous equilibria; and when the number of such si-  

multaneous equilibria becomes large, the ordinary methods become very I~borious. Irk ~ recent 

publ icat ion,-  7 /  a sys temat ic  procedure for calculat ing the equilibritm~ cow, position of a system of 

many const i tuents  was presented.  This  method presen ts  a simple rule J[or formulating the ';~r, rk 

program of such calculat ions,  with the result  that very l i tde  time is r eq~red  for setting up a p~r- 

t i tu lar  problem. The systemat ic  nature of  the procedure makes the method well adapted to com- 
putation by modern automatic computational equipment. In the publicat ion cited, the method was 

7 /  Brinkley, S. R., Jr. ,  Calculation of the Equilibrium Composition of Systems of Many Cor~stit- 

uents: Jour. Chem. Phys . ,  vol. 15, 1947, pp. I07-I10. 
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dcxcloped lot sys tems of a very general nature. In subsequent communications, 8,9%10/ applica- 

tion o~ the method xvas restr icted to the calculation of the equilibrium composition of mixtures 

consist ing of a single homogeneous gas phase  or of a gas phase  in equilibrium with a single pure 

~,~lid phase, and it a a s  assumed that the gas phase  is adequately descr ibed by the ideal gas  

equation oi state. By taking advantage 0 f these restrictions,  it was poss ib le  to formulate a com- 

putational Jt~ethod applicable to these particular cases ,  which is substant ia l ly  simpler and more 

s) stematic than the more general method. In addition, it was poss ib le  to formulate a special  

,~cthod, applicable in, restr icted cases ,  that has the advantage of converging considerably more 

r~,Fidly than the more systematic  general method. 

In order that the present  discussion may be se l f  contained, we repeat portions ot the develop- 

ment oi the basic  equations that have been published elsewhere. 

The General Method 

The fermM methods oi the preceding section have resulted in a s tatement of the conditions 

t,,r equilibrium in a iorm that is particularly ~ell  suited to serve as a bas i s  for the computation 
ot the equilibrium composition. We shall henceforth limit consideration to the cases  of  a homo- 

v~ , l~us  gaseous  system or of a heterogeneous system composed of a gas  mixture in equilibrium 

ai th a single, pure, solid phase. 

The conservation of each element was shown to require that 

S 

nj + ~ - -  v ij ni =qj ,  (4.1) 
i ~ + 1  

j - l, 2 . . . .  c, xxhere n i arid nj are the  number of moles of  the i-th dependent consti tuent and 

j-tb component, respect ively,  in the equilibrium mixture containing M o grams of gas,  qj i s t h e  

number of moles of the j-th component in the hypothetical mixture containing components only 

and g here v ij is the coefficient to the symbol of the j-th component in the equation for the for- 
marion ot tile i-th dependent constituent (involving only components as reactants).  The con- 

st~tnts qj are normalized in accord with the relation, 

~ i  qJ =1, (4.2) 

8/ Kandiner, H. J. ,  and Brinkley, S. R., Jr., Calculation of  Complex Equilibrium Relations: Ind. 

Eng. Chem., vol. 42, May 1950, pp. 850-855. 

o_/ Brinkley, S. R., Jr., and Smith, R. ~L, Jr., Calculation of the Equilibriu~n Composition of 

Systems of Many Constituents: Proc. Scientific Computation Forum 1948, International 

13usiness Machines Corp., New York, 1950, pp. 77-82. 

10.~/ Brinkley, S. R., Jr., and Smith, R. W., Jr., Calculation of the Equilibrium Composition of 

Homogeneous Multicomponent Systems: Proc.  Seminar on Scientific Computation 1949, 

International Business  Machines Corp., Nexv ~'ork, 1950, pp. 58-63. 
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where the operator ~ - '  denotes a ~ammation over gaseous components only, and this nor r rJ -  

/ - - - - j  
ization implies that the weight of  the gas phase M o is  assigned the arbitr~rily assumed value 

given by equation (3. 15). 

The conditions for chemical equilibrium, given in equations (3.25), ca~ be put in the form, 

° "~ . .  

, ! , IJ 
Ki =Pi ~ j (Pj) ' (4.3) 

i = c+ 1, . . . s, where Pi and pj are the fugacities of the i-th dependent constituent and j=th co~t- 

ponent, respectively,  K i is  the thermodynamic equilibrium constant, a function of the temperature 
only that is defined by equation (3.26), of the reaction for the formation of the i=th dependent  con- 

) 
stituent, and where the operator n j denotes that the repeated product is  to be t~:en over gasco~J'-. 

components only. The equilibrium eonst~nt K i is most easi ly obtained by the relation, 

Ki =Kfi j~=l (K£j) " xJ, (4.4) 

where Kf i and Kfj are the equilibrium constants for the formation of the i-th dependent constituer, t 

and j=th con~ponent, respectively,  from the elements. 

For each gaseous component we employ equations (4. 1) in the form 

S 

xj + Z  ~Sij xi = q j / n '  
i ~ + l  

where x i and xj are the mole fractions in the equilibrium mixture of the i-th dependent constituertt 
and the j-th gaseous component, respectively,  and n is  the total number of r~oles of gas in the 

equilibrium mixture corresponding to the normalized constants qj. In view of equation (4. 2) 

xj + 
j i=c+l 

v i xi = l /n,  (4. fi) 

where 

v i = v i j .  

The mole fractions of the gaseous constituents are subject to the identit3, relation 

j-  
xj + ::i = 1. 

j i=c~" 1 

4 3 5 1  - 1 3 =  



Thereiore, equation (4.6) becomes 

1 / n  = 1 + 

S 

X 
i ~ + l  

( v i - 1 )  x i, 

and equations (4.5) may be a ritten 

S 

xj =qj - ~ [vi i  - qj (v i . 1) ] x i, 
i=c + I 

(4.7) 

there being a member of the set  (4.7) for each gaseous  component. 

If an acdvi ty  coefficient fk of  the k-th gaseous  consti tuent i s  defined by the relat ions 

Pk =Xk fk P, 

Lira (p-~0) fk = 1, 

equations (4.3) can be written in the form 

(4.8) 

I 
x i =k i r~ i xj v i i  (4.9) 

i = c + 1, . . . s, where the k i are functions of  temperature and pressure  given by 

Vi-I  
ki =Ki P Pi, 

F 

Fi --fi'1 'ti fi vii, 
(4.10) 

in ghich the ['i are in general functions of the temperature and pressure.  In this section we shall 
assume that the gas mixture i s  ideal and therefore that P i  = 1 for every i. In a la ter  sect ion we 

shall consider the evaluation of the U i for imperfect gas  mixtures. 

The computation of the equilibrium composition requires the simultaneous solution of  equa- 

tions (4.7) and (4.9. If xi<<x j for all i and j, the solution may be carried o u t b y  a simple i tera-  

tion method. I_L/ An approximate set  of values  is  chosen for the xj. (In the absence  of any cri- 

teria for the choice of the initial set, one may take xj = qj .)  Equations (4.9) are employed in 

the computation of corresponding values  of  the x i. These ,  in turn, are employed with equations 

(4.7) for the determination of an improved set of values  for the xj. This  i terat ive p rocess  i s  con- 

tinued until the difference between success ive  approximations to the xj i s  l e s s  than the desired 

precision of the computation. 

1!/ 

4351 
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1o30, pp. 191-195. 

- 14-  



The convergence of this simple iteration method is  very slow for larger relat ive values of the 

xi, and when the x i an.d xj aze of the same order of magnitude, this method may r*ot converge at MI 
for any choice of components. A m o r e  powerhal computational procedure is p r o v i d e d  by the, 

Newton=Raphson method. 12/ Equations (4.7) may be written in the.form 

Fj =O (4. 11) 

for each gaseous component, v, here 

S 

vj =qj G-:~  - Z  
i=c + 1 

Vij xi, 

G =1 + ~ ' - C v  i -  1) x i. 
i=c+l  

We seek the solution of equations (4. 11) subject to equations (4.9). If tlae fonctions I: i are ex- 
panded in Taylor series about an approximate set of values ot the variables xj with neglect  ot 

terms involving derivatives of second and higher orders, there resul ts  a set of l inear equatiort,_, 

that can be compacdy represented in the notation of matrices by 

~k(j~)~ ~ ( ; 1  = IFj(r),] (4. ~2) 

where the r-th and (r + 1)-th ~oproximations to the composition are related by 

(r+ I) _ (r) , (r). xj -xj (1 + nj ), (4. 13) 

and ~here the elements of the matrix are given by 

Ajj, =Ujj) - qj Vj, (4.1~i 

where 
S 

Ujj, =xj 6jj, + ~ -  vij vii x i, 
i =c+ 1 

S 

Z Vj : = ~ i j T  ( v  i - 1) N ,  
i =c+ 1 

and where Ujj w = Uj 7j. The superscript r indicates that the designated quantity is to be evaluated 

vAth the r-th approximation to the composition of the system, and 6jj ) is the Kronecker delta. 

12/ Searborough, J. B., Work cited in toomote 11, pp. 178 and 187. 
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Criteria for the choice  oi components that resu l t s  in the most  rapid convergence  o f  the i tera-  

tion p rocess  can be developed from the remainders to the two-term Taylor  ser ies  expans ions  of  

tunctions Fj. t lowever, the resul t ing express ions  are too cumbersome for prac t ica l  ut i l i ty,  and 

in pract ice  the convergence  a i l l  be found to be sa t i s fac tory  if  the components  are se l ec t ed  so a s  

to minimize the quanti t ies  ki, i =c  + 1, . . . , s. 

A Special Method 

An alternative computational procedure i s  very useful in certain specia l  cases .  ~e  employ 

equat ions (4. I), 

S 

nj + Z Vi j  ni =q j ,  (4.1) 
i ~ +  1 

and xwite equat ions (4.9) in the form 

, , vij 
n i =k i (n) r~j nj , 

k i ( n )  =k i n  l " v i ,  

(4.15) 

i --c ÷ 1 . . . .  s, by means of the subst i tut ion n k =xkn. In view of  equat ions  (4.1) and (4.2), the 

total number o t  moles  of gas  n i s  given by 

S 

n = l + ~ - - - ( 1 -  v i )  n i. (4.16) 

i=c+l  

~e dctine a variable ~t by 

=~j  nj , (4.17) 

and rca, rite equat ions (4.15) in the form 

l 

n i =k i (n)l.t 
~i r (Tij 

rcj nj , 
(4. 18) 

Oij = Vij " ~i ~j ,  

i ~c+ 1 . . . .  s. XXe endeavor to choose  the r~j, so that tor each i there ex i s t s  only  a single value 

ot  i, say j ), for ~,hich ~ ij does not vanish,  and so that  for some value o f  j, say j*, a i j .  van i shes  

tor every value of i. If  this can be done, equat ions  (4.18) reduce  to express ions  of  the form 

! 

i : ' c  ÷ 1 . . . .  s, j --j*. 

n i =k i (n)~ nj)  , (4.19) 

435 1 - 16 - 



Introduction of the var iable  ~ leads  immediately to a separation of wtriables in the set  of 

equations composed of equations (4. 19) and those of equations (4. 1), for ~:hich ~j* v:hen r~ta~'~'~, 

action expressions of the form (4.19) can be obtained with 

~J* (4.2o) = n j ,  

Then ~ j ,  is  the lowest  common divisor of those coeff ic ients  v i j ,  that are nonzero and oij = vij 

for j #- j*. By substitution of equations (4.19) into equations (4. l), v,,e obt~dn 

' £i vi j  
nj + . 7  vij  k i (n )~  nj = qj =O (4.21) 

i(j) 

ior j ~ j*, which can, at l eas t  in principle, be solved for nj by ordinary algebraic method~ for 

given values of n and ~. If  equations (4.19) and (4.20) are then employed, a ~ lu t ion  can be found 

in the form 

nj = nj (n, ~), 

n i =n i (n, ~), 

j =1, 2 , . . .  c; i =c + 1, . . .  s. 

The values of n and 5 leading to an exact  solution of the equilibrium conditions must sati~l 3' 

equation (4.16) and the member of equations (4.1) for which j =j*.  These  c ~  be written in the 

form 

F (~) =O, F (n) = O, (4.22) 

S 

F (~) = q j ,  - n j ,  = ~ Vij* n i, 
i=c+ l  

F ( n )  = n -  l + ~ = _ _  (V i -  l) n i. 
i=c+ 1 

If the functions F (g) and F (n) are e.,.~anded in Taylor  series about approxiy~ate values  of n arid 

!; with neglect  of  terms involving second and higher derivatives,  there result a pair  of lin,z:ar 

equations, 

A12] (~). = (~)(r 11 
/ 

(r) Or) I (0 (r)| 
21 A22~ (n) (n) ,) 

( ~ 23) 

~ e r e  the r-th and (r+ 1)-th appro~roation to ~ and n are related by 
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(r+ 1) { r) 

(r+l)  (r) 
n =n 

~md where the coefficients are given by 

[ 1 + h (~)(r)] ,  

[1 + h (n)(r)], 

(4.24) 

s S 

All =nj, L + ~ v i j ,  8 i n i  + ~ _  
i=c + I i=c+ 1 

Vij* Vii(i) Uj(i)ni, 

s S 

A,27- ,,i,.,I 
i =c+ 1 i=c+ 1 

vij* vij(i) Vj(i)ni, 

S S 

A21 =nj M + ( 1 - V  i) ~ i n i  + 
i=c+l  i=c+l  

( I  - ~i) vij(i) Uj(i) ri, 

(4.25) 

S S 

A22 : - n  + ~ _  - (1-  Vi)2ni + ~  
i=c+l  i=c+l  

(1 -  vi) vij(i ) Vj(i) hi, ̀  

xvherc j(i) is the value of j, for which oi j  does not vanish for a given i ,  and where 

L = 1/nj ,  M =O, 

Uj =.. vij  8i j + (vij)2 , 
(j) i(j) 

j) 
n + (vij)2 vij  (1 -  Vi) J i(j) 

-1 

(4.26) 

The superscript r indicates that the designated quantity is to be evaluated with the r-th approxi- 
mation to the composition of the system. 

Introduction of the variable ~ also leads to a separation of variables in the set of  equations 
composed ot equations (4. 19) and those of equations (4. 1), for which j ~j* when mass action ex- 
pressions of the form (4. 19) can be obtained wi th  

=nj i r~ j t nj , ,  (4.27) 

j '  ~ j *  Then ~i =vi j* ,  Cij =Vij for j=~j ' ,  j*, and cYij) =vi j r  = vij,~3jT. The stoiehiometric 
conditions for j ~j* can then be put into a form analogous to equations (4 .21)  
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~i Vij ) nj "4" ~Jij ki (n)~ nj - qj = O, j # j  , 
i(j) 

- r l j !  ~ ' -  T g i  Oij! 
nj,=r~jtb~nj! + ~ Oij tki(n)~t  nj =qjl + rtj! qj,  =0 ,  

i(j :) 

{ ,$, 28) 

which can, at least  in principle, be solved for nj, j ~ j*, by ordinary algebraic methods for given 
values of n and ~t. If equations (I. 19) and (4.27) are then employed, a ~olnrion can be fo~r,d ir~ 
the form 

nj = nj (n, ~), 

n i =n i (n)  ~t), 

j = 1, 2 . . . .  c; i =c  + 1, . . . s. 

The values of n and ~ leading to an exact  solution of the equilibrium conditions must satisfy 
equations (4.22). "111e application of the Newton-Raphson method to obtain an improved pair of 
values of n and ~t requires the solution of equations (4.23) and the application of equations (4.24). 
The coefficients of equations (4.23) axe given by equations (4.25) but with 

L = l - r ~ j t U j !  , M =- r~j) Vj! 

[: t[-z Uj vij j , = " ~'~i n + (~:ij)2 j ~j t, 
i(j) i(j) 

U j! = IT~jt n j ,=  Z Oijt  /~in~ 
i(j !) 

j '  + njTnj, + (0 i j ) )2  
i f j ' )  (4.29) 

Vj =- vij ( I  - v i) n "~ (vij)2 n , j # j ', 
i(j) i(j) 

=" Z O i j r ( l ' X l i )  n j Vj! i.(j) 

replacing equations (4.26). 

! + t -1 n j ,  + ( o i i ) 2  n , 

The special method converges considerably more rapidly than the general rrethod and can be 
advantageously employed for computations ~here it is  ai~plicable. It has the c[isadvarltage, l~ov,- 
ever, that the computation program for a single iteration is longer and le,ss systematic !hurl for 
the general method. The final results are easily expressed in terms of mole fractions by the 
application of the relation 

Xk = nk/n. ( 4. 30) 
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Modif icat ions for Computation at a Specif ied Density 

Many of the applicat ions of thermodynamics to combustion p r o c e s s e s  are such that i t  is nat- 

ural to speci t )  the state by means of the var iables  temperature and pressure.  The methods for 

the calculation of the equilibrium composition that have been described assume that the temper- 

ature and pressure have been explicitly specified, i .e. ,  that the equation of  s ta te  i s  of  the form 

p / p  =nRT c0 (p,T)/M o, 

~here n is  the number of moles of gas  contained in M o grams of  gas,  O i s  the density, and cO (p,T) 

is explicit  in the pressure and temperature and unity for the ideal gas.  

In certain applications,  as in those of  internal bal l is t ics ,  it i s  more natural to spec i fy  the 

state by means of the variables temperature and density (or volume). For these  cases  the equa- 

tion ot s tate may be assumed to be of  the torm 

p/,O =nRT V (,o,T)/Mo, 

x~herc t|~ (!?,T) is  explicit in t h e d e n s i t y  and temperature and unity for the ideal  gas. The meth- 

oos lor the calculation of the equilibrium composition at a specif ied densi ty are analogous for 

those at a specif ied pressure,  but they differ in certain details.  

The conditions tor equilibrium, equations (4.3), can be advantageously written in the fore1, 

! ! 

n i =k i rtj nj viJ,  (4.31) 

! 
i - c+ 1, . . . s, where the k i are functions of temperature and density given by 

, v i - I  , 
k i =K i (RTp/M o) r i, 

, Vi" 1 fi- l rc '  Vii, r i = [¥ (o ,T) ]  j f j  

(4.32) 

T 
in which the F i are in general functions of the temperature and density and' are unity for every i 

i f  the gas  mixture is  ideal. In a formal way, equations (4.31) and (4.32) can be obtained from the 

analogous expressions,  equations (4.9) and (4. 10), employed in the general method above by r e -  
! I 

placing x i and xj by n i and nj, respect ively,  and by replacing k i by k i. We note that the k i of  

equations (4.15) and (4. 31) are identical,  although they are evaluated in different ways. 

Equations (4.31) determine the concentrations of the dependent const i tuents  for asstimed 

values ot the concentrations of the components. In order that these  calculat ions lead to an exact  

calculation of the equilibrium composition, it i s  necessa ry  that the resul ts  sa t i s fy  the stoichio- 

metric conditions, equations (4.1), which we write in the form 

! 
Fj  =0 ,  (4.33) 
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w,here 
S 

Fj  = q j - n j -  V i j n  i. 
i ~ + l  

In a formal way, equations (4.33) can be obtained from the analogous e:~ressions,  equation':, 

(4. 11) by replacing x i and xj by n i and nj, re~ect ive ly ,  and by setting G = 1. 

The application of the Newton=Raphson method to the improvement ot ma approximate set of 
vMues of the concentrations of the components requires the solution of eq~a:,~tions analogous r o 

equations (4. 12), 

~AtI~)t~ ~ ' ( j r l  = ~ F ' j ( r  t , (4.3~D 

where the r-th and the (r+ 1)-th approximations to the compositio n are related by 

nj(r+l) =nj(r) (1 + h)(r)), (4.35) 

and where the elements of the matrix are given by 

S 

A' j j ,  =nj 6jj, + ~  Vij Vij, n i. 
i -~+l  

(4. 36) 

In a formal way, equations (4.34), (4.35), and (4.36.) can be obtained from the analogous e~re~,- 
sions, equations (4. 12), (4. 13), and (4. 14), respectively, by replacing x i ~td xj by n i and nj, r,:- 
spectively, and by setting Vj =0 for MI j. 

It is evident that the general method for computations at specified den=;ity is  similar in c,~t- 
line with the previously described general method for computations at specified pressure, :~d 
that a particular computational program b~r the former ease can easily be derived in a formal w~;~7 
irom the equivalent program for the latter case. The total number of F~ole:~ n contained inM o 
grams of gas mixture can be calculated with equat ion (4. 16). 

The alternative computational method, which we have called the specie! method, is easi ly  
applied without substantial modification to calculations at specified density. V~e again employ 
the s}oichiometric conditions as e .~ressed by equations (4.1) and the equilibrium conditions a~, 
expressed by equations (4.15). The constants k)i appearing in the eq°ailibriow~ conditions are t,-, 
be calculated by equations (4.32), and for specified temperature and density they are independent 
of the total number of moles n. Consequently, it is  possible to seek a solutiort of the form 

nj = nj(l-0 

n i = ni(~) 

j = 1, 2, . . . e; i = c+ 1, . . . s, for those eases  where the introduction of a variable u results ir~ a 

separation of variables. 
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The value of Lt leading to an exact solution of  the equilibrium conditions must sa t i s fy  the 

condition, 

F(I~)  = 0 ( 4. 37) 

~here FO~') i s  defined by equations (4.22). The application of the Newton-Raphson methodto  

obtain an improved value of kt requires the application of the relation 

x~,h e r e  

gt(r+l) =~(r) [1 + h (g) (r) ] (4.38) 

(r)  (r) (r) 
h(~) = F(~) / A l l  (4.39) 

and a here. A 11 has  been defined as  one of equations (4. 25). Equations (4.37), (4. 38), and (4.39) 

are obtained from the analogous expressions,  equations (4.23), (4.24), and (4.25), respect ively,  

by retaining only those terms of  s ignif icance in the lat ter  equations after sett ing F(n) =O, h(n) =O. 

C.,alculation of the Equilibrium Composition of Imperfect Gas Mixtures 

In the previous discussion it  has  been assumed that the gas mixture can be descr ibed ade- 

quately by the ideal gas equation of state.  At the temperatures .of  interest  in the consideration 

of combustion ga se s  this assumption is adequate for most purposes.  However, for combustion 

p rocesses  occurring at high pressures ,  as in closed bombs or in gun barrels, the ideal  gas  equa- 

tion of state is  no longer adequate, and it  is  necessa ry  to consider the e f fec ts  of  gas  imperfec- 

tion on the calculation of the equilibrium composition. In the present  section, we indica te  the 

modifications to the previously described computation methods that are necessa ry  to take account 

of gas  imperfections, and we assemble  the relat ions required for this purpose. A comprehensive 

discussion of the evaluation of  the thermodynamic propert ies  of  mixtures of  real g a s e s ,  with 

derivations of the necessary  relations, has  been given by Beatt ie.  13/ 

For calcula t ions  that are carried out at a specif ied pressure,  the mass  action constant k i i s  

related to the thermodynamic equilibrium constant K i by equation (4. 10), 

v i -1  
k i =K i p r i ,  

~here 

F i =fi "1 r~ '. f. v i j ,  (4.40) 
! 1 

,and ghere the activity coefficient of  the k-th consti tuent i s  the ratio of the fugacity to the partial  

pressure of the k-th constituent in the gas  mixture 

fk --P~/xkp, 

1_~/ Beattie, J.  A., The Computation of the Thermodynamic Proper t ies  of Real Gases  and Mix- 

tures of Real Gases:  Chem. Rev., vol. 44, February 1949, pp. 141-192. 
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tending to the uniW as the pressure  tends to zero. In the general c a s e  of the non-ideM gas, the, 

1hi are functions of  temperature, pressure ,  and composition. 

I f  the equation of s ta te  is  e.,q.~licit in the pressure  and of the form 

p n R T  qg(p,T)~ ( a q l )  
P M o 

x~,here ~.(p,T) is  generally a function of the composition as  well as of  the ter@eramre and pre~- 

sure, the act ivi ty coefficient of the |:-th consti tuent  of  the gas  mixture i s  given by 

P 8,0 ] a.p (4.42) l o g f k  = f o  [rp" l + n p 
O n l .  

This  expression can be evaluated ex-plicidy for a part icular  equation of  s~ate and er~ployed to 

determine the actix4ty coeff icients  of the const i tuents  of  the mixture as  f~nctions of  temperature, 

pressure ,  and, in general, composition. Equation (4.40) can then be" e;c, ployed to e v ~ u a t e  :he 

functions Ini that determine the effect of gas  imperfection on the mass  action constants  k i. 

If  the activit  T coeff icients  are fimctions ot the co~posit ion of the system, the Pi must  be 

evaluated with each success ive  appro~mafion to the composition. The Pi m'e relat ively ins~rtsi- 

t i r e  to the composition, and, consequently, i t  i s  unnecessat  3, to ~odi[y the computation proce-  

dure by means of which a part icular  approximation to the composition is  determined by the one 

preceding it. 

Lewis  and Randalll- 1.~4/ have proposed as a bas i s  for an approximate thermodynamic treatment 

of  imperfect gas  mixtures the rule 

tg " t ~ 

where Pk (P) is  the fugacit3, of  k-th constituent as a pure gas  at the ten:peramre and totM pre:~- 
sure of the mixture. If fire k-th consti tuent obeys  the gas law 

PV = nkRT 9k(P ,T) '  (4.~4) 

where ~ k is  a function of p ressure  and temperature only and \, i s  the volume o c c @ i e d  h), rt k 
moles  at temperature T and pressure  p, the Lewis  and Randall rule result~ in the expression 

@ 

O 

for the act ivi ty coefficient  of  the k-th constituent.  Where applicable,  equation (4.45) is  more con- 

venient than the exact form, equation (4.42), as  i t  i s  independent of  the cor,~position of the rcdx- 

ture. The range of  validity of  the ~ p r o x i m a t e  expression for a pardctd~- application may be 

determined by comparison between resul ts  obtained from equations (-L42) ~a~qd (4.45) ~,:ith ~:0-t ex- 
pl ic i t  form of the equation of  state. 

14/ Lewis,  G. N., and Randall, M., Thermodynaroics: 
1923, pp. 225-227. 
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For ca lcula t ions  at a specif ied density, the equation of s ta te  may be assumed to be of the ' 
form 

p _ nRT 
~s (p,T), (4.46) 

P M o 

xvhere ~I' ( P , T )  i s  generalI#' a function of composition as well as of temperature and density.  The 

mass  action constants  k i for this case have been related to the corresponding thermodynamic 
equilibrium constants  by the expressions 

v i - I  
, R T p  T 

a, ith ki = Ki M-'~ P i  , 

, v i" I , vij , 
P i  = [ v ( G T ) ]  fi "1 nj fj = g i ' l g j  gj 

ahere  x~e ha, 'e introduced an alternative act ivi ty coefficient,  

vi i 
(4.47) 

gk = fk V (p,T) .  (4.48) 

The activity coefficient gk of the k-th consti tuent  of the mixture is  given by the general thermo- 
dynamic relation 

j.P ~¥ d p 
= [V-  I + n ~ k n k  ] p " log gk o (4.49) 

This  expression can be evaluated explicitly for a part icular  equation of state and employed to 
determine the activity coefficients  of the const i tuents  of the mixture 'as functions of temperature, 

density, and, in general ,  composition. Equations (4.47) can then be employed to evaluate the 

lunctions I i that determine the effect  of gas imperfection on the mass  action constants  k i . 
, 

It  the activity coefficients  are functions of the composition of the system, the Pi must  be 

evaluated with each success ive  approximation to the composition. The F/  are relat ively insen-  

si t ive to t he  composition, and it is  unnecessary  to modify the computation procedure by means of 

which a particular approximation to the composition is  determined by the one preceding it. 

As a basis  for the approximate thermodynamic treatment of gas  mixtures, GibbslS~ has  pro- 

posed that the pressure  of a mixture of ga se s  be assumed to be equal to the sum of the p ressu res  

ot the different gases  as existing each by i t se l f  at the same temperature and with the same value 

of i ts  chemical potential .  If  the k-th constituen't obeys  the gas  law 

px~ =RT W k ( T ,  Vk) , (4. 50) 

g here v k is the molar volume of  the k-th constituent, then the assumption of Gibbs  has  been 
shown by Bea t t i e l 6 /  to lead to the approximate relation 

Gibbs, J. ~., Collected ~;orks: Longmans, Green & Co., New York, 1906, vol. I, pp. 155-158. 

l_q6/ Beattie, J. A., Work cited in footnote 13. 
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fp 
~ ¢  
° ~ k  dp 

log ~: = [~It k -  1 + n k ~ ]  7 
0 

for the act ivi ty coefficient of the k-th constituent. T h i s  expression i s  not in ~general indepertd,~t 

of  the composition of the mixture. It may, however, lead to simpler exprez;~ions than those d~- 

rived from the general  relation, e ~ a t i o n  (4.49). The range of validity of the .~pproximate expres- 

sion for a part icular  application may be determined by comparison between resul ts  obtained frorf, 

equations (4.49) and (4.5 1) with an explicit  form of the equation of  state.  

V. COMPUTATION PROGRAMS FOR CARBON.HYDROGEN-OXYGEN-NITROGEN SYSTE~,'S 

A large number of  the fiael-oxidant systems of  scientif ic  and technical interest  y i d d  on corr,- 

bastion a mixture of products composed of compounds of carbon, hydrogen, ox~,gen, and nitrogt=r~. 

Because  of the importance of  such systems,  we give e ~ l i c i t l y  in this section the re la t ions ob- 

tained by the application of the general raethods of the preceding section. These  corr~putational 

programs will also serve to i l lustrate  the application of the general metht~ds to the calcul,xtion 

of the equilibrium composition of  particular systems.  

The computation progranls will be written for calculat ions at specif ied pressure.  We do n~:,t 

present  explicitly the relat ions for calculat ions at specif ied density,  hie have observed in a pr~- 

ceding section that the relat ions for the la t ter  case  are easi ly  obtained from those for the forrrt~zr 

case ' in  a formal way by simple and systematic substi tut ions that have  been gixen explicit ly.  

The rapidity with which a particular computational program converge~ is  largely determined 

by the abundance in the mixture of  those const i tuents  chosen as  cov0ponent~, relat ive to the ~bu~- 

dance in the mixture of the remaining derived consti tuents.  T h e  eqailibriu~L composition of c:tr- 

bon, hydrogen, oxygen, nitrogen system~ varies  greatly if  considerable variation of the gro.~'~ co:,t- 

Fosition parameters  and of the temperature and pressure  are to be considered. Consequently, the 

program that i s  suitable for a given set  of  conditions of s tate  and cor~posit~on may converge very 
slowly or even diverge i f  applied to another region of  different character is t ics .  For the efficier~t 

consideration of all poss ib le  gross composit ions over  considerable ranges of  ter~perature ~ d  

pressure  a number of  different prograras, corresponding to different choices  of the corriponenta., 

will be required. Each of these programs will be most appropriately employed for p a r t i c u l ~  re- 

gions of  the complete set  of  systems.  It  i s  unnecessa t  T to specify closely the region of appli- 
cabili ty of a particular program, since there i s  considerable overlap x~,ith the regions appropriate 

for al ternative programs. I t  will be noted that the procedure for sett ing up a part icular  program iz 
routine, once the const i tuents  to be considered have been specif ied and a choice of  component~ 

has  been made. 

It  will generally be assumed that the equilibrium composition of the combustion products  of 

fuel-oxidant s y s t em s ,  composed only of compounds of  carbon, hydrogen, oxygen,  and nitrogen, 

can be adequately represented by a consideration of the constituents: C(~olid), CO, CO 2, H 2, 
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H20, N 2, 02, O, OH, It, NO, N, NH3, C_II 4. Solid carbon will be assumed to be in the form of 

graphite. If the oxidant is air, argon will be introduced as an additional constituent. Argon will 

necessari ly be chosen as an additional component, and, as it is  inert, it does not affect in any 

import;mr ~,ay the computational programs. We assume that the ideal gas law provides an ade- 

quate equation of state. In the previous section, the modifications necessary  to take account of 

gas imperfections have been described. 

The General Method for Lean Mix tures  

Fuel-oxidant mixtures containing an excess of  oxygen over the ~mount required for stoichio- 

metric conversion of the carbon to carbon dioxide and the hydrogen to steam are called lean mix- 

tures and are characterized by C > 1/2, where C is the composition parameter defined by equation 

(3.3). The predominant constituents of the combustion products satisfying the condition of  inde- 

pendence required t0r their choice as components are 

CO 2, It20, 0 2, N 2, 

except at very high temperatures. A more convenient set of components for mixtures at such tem- 

peratures (ca. 4000 ° K.) is described in a later section. If the oxidant ' i s  air, a fifth component, 

argon, must be considered. 

The solution of equations (3.13) and (3.14) tbr this choice of  components r e s u l t s  in the 

equation s 

4 ( c / o )  
= 

q(CO2) 2 +.(H/O) + 2(N/O) + 4 ( A / O ) '  " 

2 ( H / o )  

q (H20) = 2" + (H/O) + 2 (N/O) + 4 (A/O)  ' 

2 . 4  ( c / o )  - (H/O) 
q (02)  = 

2 + (H/O) + 2 ( W O )  + 4 (A/O) ' 
(5. l) 

2 (N/O) 
q ( N 2 )  = 2 + (H/O) + 2 (N/O) + 4 (A/O)'  

q (A) = 
4 (A/O) 

2 + (H/O) + 2 (N/O) + 4 (A/O) '  

relating the normalized stoichiometric constants to the atomic ratios. These relations can be 

t l,~ployed together with equations (3.6) or (3.7) to evaluate the stoichiometric constafits for as-  

signed values of the parameters descriptive of the gross composition of the system. If  the oxi- 

dant is not air, (A/O) =O, q(A) =O, and we obtain 
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(I-A) (I.B) (l-C) 
q (CO2) -(1-C) (2A + B - AB) + C ( l -A) '  

2B (l-A) (1-C) 

q (H20) - (1-C)(2A + B -  AB) + C ( l -A) '  

( l -A)  (2C-1) (5.2) 

q(O2)  = ( 1 - C ) ( 2 A +  B -  AB) + C(1-A) '  

2A (1-C) 

q (N2)  = (1 -C) (2A+ B -  AB) + C(1-A) '  

by substitution of equations (3.5) into equations (5.1). 

In lean mixtures, ~,e assume that methane and ammonia are absent from the equilibriurrt n,i.~:- 

ture, an assumption that is confirmed by test  calculations for the temperature~ of interest  in eo~- 
bustion research. The chemical reactions in the form of equations (3. l l )  for the formation of rJ:te 

dependent constituents from the components are 

CO 2 -( 1/2)O 2 =CO, 

I120 -( I /2)O 2 =tt 2, 

(1./2)O 2 =O, 

( V2)H20 +( 1/4)0 2 =OH 

( 1/2)I-120 -( I/4)O 2 =H, 

( l /2)N 2 +( I /2)0 2 = NO, 

(1/2)N 2 =N, 

in ~,hich the symbols of all of  the cor~ponents are a, ritten on the left=ha~(d ~ide of the equatio'n3. 

The coefficients v i j  of these equations can be summarized in matri.,: fort% 

(Vij) = CO 

H2 

O 

OH 

H 

NO 

N 

4351 

CO 2 H20 0 2 N 2 A 

I 0 - I / 2  0 0 

0 1 -1/'2 0 0 

0 0 1/2 0 0 

0 1 /2  1 /4  0 0 

o 1/2 -1/4 o o 

0 0 0 I / 2  0 

0 0 0 I / 2  0 

- 2 7 -  
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The constants k i of the mass action expressions, equations (4.9), are given for stated values  of 

the temperature and pressure by 

k(CO) = p- 1/2 K(CO), 

k(H2) = p- 1/2K(H2)' 

k(O) = p" 1/2K(O), 

k(OH) = p" 1/4K(OH), 

k(H) = p" 3/4K(H), 

k(NO) = K(NO), 

k(N) = p" 1/2K(N), 
(5.0 

x~here the thermodynamic equilibrium constants can be calculated from the equilibrium constants 

ot tormation by means of the relations 

K(CO) -- Kf(CO)/Kf(CO2) , 

K(rl2) = 1/KffH20), 

K(O) = K f(O), 

K(OH) = Kf(OH)/[Kf(H20)] 1/2. 

K(H) = Kf(rl)/[Kf(H20)] 1/2 

K(NO) = Kf(NO), 

K(N) = KffN), 
(5.5) 

In g riting down equations (5.5), we have taken account of the fact that the equilibrium constant 

o! tomlation ol an element is  unity. 

The mole fractions of the dependent constituents are determined, for assumed values of the 

mole tractions of  the components, by equations (4.9) in the form 

x ( C O )  = k(CO)x(CO2)/[x(O2)] 1 /2 ,  

x(ll 2) 

x(o) 

x(OIt) 

x(H) 

x(NO) 

x(N) 

= k(H2)x(H20)/[x(O2)] 1/2, 

= k(O)[x(O2)] ! /2 ,  

= k(O~) [~(H20)] 1/2 [x(O2) ] 1/4,  

= k(H) [x(H20)] 1/,2/[x(O2) ] 1/4, 

= k(NO) [x(O2)] 1/2 [x(N2) ] 1/.2, 

= k(N) [x(N2)] 1/2.  

(5.6) 

The v~ ue s  of the mole fractions of the components leading to an exact calculation of  the equi- 

librium composition satisty the conditions 

F(CO 2) =O, F(tI20) =O, F(O 2) =O, F(N 2) =O, 

~.here the functions, defined by equations (4. 11), are given by 
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F(CO 2) 

F(H20) 

F(O2) 

F(N 2) 

= Gq(CO2)  - x (CO2)  - x (C O) ,  

= Gq(H20 ) . x(H20 ) - x(H2) - x(OH)/2- x(H)/2, 

= Gq(O2) - x(O2) + x(CO)/2 + x(H2)/2-  x(O)/2 

x(OH)/4 + x<H)/4- x(NO)/2, 

= Gq(N 2) - x(N 2) - xCNO)/2- x(N)/2 , .  

(5.7) 

and where 

G = 1 - x(CO)/2- ~-~H2)/2- x(O)/2- x(OH)/4- 3 x ( ~ / 4 -  x(N)/2. (5.~:) 

The application of the Newton-Raph~n method to the improvement of ;~ approximate set of 
values of the mole fractions of the corriponents requires the solution of ec~ations (5. 12) in the 

~ o r m  

f 

A l i  

A21 

A31 

A41 

A12 A13 A14 

A22 A23 A24 

A32 A33 A34 

A42 A43 A44 
/ 

h(CO 2) 

h(H20) 

h(O 2) 

h(N2) 
I -  

f N. 

F(co2) 

FCH20) 

vCo2) 

F(N 2) 

(5.9) 

g~here h(CO2~ , h(H20), h(O2), and h(N 2) are estimates of the fractional errors of a particular 
approximation to the mole fractions of the respective components, to be er~ployed as  indicated 
by equations (4. 13) in obtaining the next approfimation, and where the eoeificients, defined by 

equations (4. 14), are given by 

a n  = u n -  v l q c c o 2 ) ,  

A12 = U12- V2q(CO2), 

AI3 = U13- V3q(CO2) , 

A14 = U14 - V4~CO2), 

A21 = U12- VI~H20) , 

A22 = U22- V2q(lI20) , 

A23 = U 2 3 -  V3q(H20) , 

A24 = U24- V4q(H20) , 

A31 = U13 - Vlq(O2), 

A32 = U23 - V2q(O2) , 

A33 = U33 - V3q(O2), 

A34 = U34 ".V4q(O2), 

A41 = U14- Vlq(N2) , 

A42 = U24- V2q(N2), 

A43 = U34 - V3~N2), 

A4~ = U44- V4q(N2), 
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i th 

U l l  = x(CO 2) + x(CO), UI2 = O, U13 = -x(CO)/2 ,  

U 14 -- O, U22 = x(H20) + x(H 2) + x(OH)/4 + x(H)/4, 

U23 = x(H2)/2 + x(OH)/8- x(H)/8, 7 U24 = O, 

U33 = x(O 2) + x(CO)/4 + x(H2)/4 + x(O)/4 + x(OH)/16 + x(H)/16 + x(NO)/4, 

U34 = x(NO)/4, U44 = x(N 2) + x(NO)/4 + x(N)/4, 

and 

V 1 = -x(CO)/2, V 2 = -x (H2) /2 -x (OH) /8 -  3x(H)/8, 

V 3 = x(CO)/4 + x(H2) /4-  x(O)/4-  x(OH)/16 + 32(H)/16, V 4 = -x(N)/4. 

It the oxidant is  air, the value of the mole fraction of argon in the'equilibrium mixture can be 

calculated trom 

x(A) =Gq(A). (5.10) 

Tile total number of moles n contained in M o grams of mixture is  equal to G =1, where 

Mo =44.010 q(CO 2) + 18.016 q(H20) + 32.000 q(O 2) + 28.016 q(N 2) + 39.9~4 q(A), 

and a here the quantity G is  defined by equation (5.8). 

A Special Method for Lean Mixtures 

The special method of computation can profitably be employed in calculations for conditions 

such that the convergence of the general method is  inconveniently slow. This will be the case 

tot mixtures near the stoiehiometric point C = 1/2 and for mixtures at temperatures such that dis- 

sociation of the components into atomic species is  important. Although the special method con- 
verges more rapidly than the general method, each iteration of the special method involves a con- 

siderably longer and l e s s  systematic computational routine than is  required by the general 
method. 

X\e take the variable ~t, defined by equation (4. 17), to be 

~t = [n (02)  ] I / 2  (5. II)  

and employ equation (5.11) to eliminate n(O2) from the set of equations describing the equilib- 
rimu conditions. The stoichiometric conditions, equations (4.1), on the components CO2, H20 , 
and N 2 are given by 

43qI - 30 - 



n(CO 2) + n(CO) = q(CO2) , 

n( t :20)  + n(H 2) + n(Ol l ) /2  + n( t t ) /2  = q (Hf>) ,  

n(N 2) + n(NO)/2  + n(N) /2  = q(N2). 

The  m a s s  action ex~ress ions ,  equa t ions  (4. 19), can be writ ten expl ic i t ly  

where 

n(CO) = 1: ' (CO)x/~t ,  

n(It 2) = k ' (H2)y2/~t ,  

n(O) = k '(O)kL, 

n(Olq) = t:'(OH)y~ 112, 

n(H) = k ' (H)y/!x 1/2, 

n(N{)) = k i(NO)z,~, 

n(N) = k '(N)z, 

k ' ( C O )  = n 1/2 k(CO), 

k'(112) = n 1/2 k(tt2) ' 

k' (O)  = n I / 2  k(O), 

k ' (OH)  = n 1/4 k(OH), 

k ' ( H )  = n 3/4  k(t-t), 

I: ' (NO) = k(NO), 

I : ' (N)  = n 1/2  ,k(N), 

(~, 1_) 

( 5. 13) 

(% 14) 

and where we have  employed the abbrev ia t ions  

x =n(CO2) , y2  =n(H20)  ' z 2 =n(H2). 

Subst i tut ing equat ions  (5.13) into equa t ions  (5.14), we obtain 

(% 1% 

x[1  + k 'CCO)/g] - q C C O  2) = O, 

y2 [ 1 + k '(H2)/g ] + y [k '(OH)~ I /2  + k '(H)/~ 1/2] / 2-  q( H 2 O) = O, 

z 2 + z [k'(No)~t + k ' ( N ) ] / 2 -  q(N 2) = O, 

with the solut ions,  

q(CO2) 
X - -  

1 + k'(CO)/~ 

y = . 

! 
k'(OH)~l/2 +k,(H)/~l/2 +\I ~_K 

k 4 + 4 k'(H2)/~ 

' (oti) vtl/_2 + k'(H)____~ l /~ l  
47 4 k ' ( H 2 ) / ,  ] + 

q(1)-p) 

I+ k i (H2) /B ' 

Z = . 

k'(NO)~ +k'(N) + 

4 

2 
+ q(N2). 

(5. t6) 
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Equat ions  (%16), together  with equat ions  (5 .1I) ,  (5.13), and (5.15), determine the equilibrium 

composi t ion for assumed va lue s  of  n and tz. 

"lhe va lues  of  n and gt leading  to an exact  ca lcu la t ion  of the equilibrium compos i t ion  sa t i s fy  
the condition s, 

F(Lt) =O, F(n) =O, 

xvhere the tunct ions  are def ined by equat ions  (4.22) and have  the expl ic i t  form 

F(~t) = q (O 2) = n(O 2) + n(CO)/2+n(  tt 2 ) /2-n(O) /2-n(OH)/4+ n(H) /4-n(NO)/2 ,  

F(n) = n- I -n (CO)/2  = n(H 2) /2  - n (O) /2  - n ( O F ) / 4  - 3n(11)/4 - n (N) /2 .  
(5.17) 

If } and G do not vanish ,  the appl ica t ion  of  the Nea. ton-Raphson method to ob t a in  an im- 

proved  pair  of  va lues  of n and ~ requires  the solution of  equat ions  (4.23), 

l 
21 A221J ~hCn)/J [~(n) , / J  

a h e r e  h(ll) and h(n) are e s t i m a t e s  of  the f ract ional  error of  the aptSroximation to 13. and n, r e spec -  

t ively ,  to be employed as  ind ica ted  by equat ions  (4.24) in obta ining the next  approximation,  and 
x~here tile coe l t ic ien ts ,  def ined by equat ions  (4. 25), are given by 

A l l  = 2n(O 2) + n(CO)/2  + n ( H 2 ) / 2  + n(O) /2  + n(OH)/8 + n(H)/8 + n(NO)/2 

+ U [ -n(CO)/2]  +V [= n(H 2) + n(OtI ) /4  = n(H) /4  ] + W In(NO)/2 ] 

A12 = -n(CO)/4  - n(H 2)/4 + n(O)/4  + n(OH)/16  - 3n(H)/16 

+ X [- n (CO) /2]  + Y [- n(H2) + n (OS) /4  - n (H) /4]  + Z In(NO)/2]  

A21 = - n ( C O ) / 2 -  n( i I2) /2  + n (O) /2  +n(OH)/8= 3n(H)/8 

+ C [n(CO)/2]  +V [n (H2)+n(OH) /4  + 3n(H) /4]  +~, [n(N)/2]  

A22 = - n + n(CO)/4  + n(H2)/4  + n(O)/4  + n(OH)/16 + 9 n ( H ) / I 6  + n(N) /4  

+ X [n(CO)/2]  + y [n(H2) + n ( O H ) / 4  + 3n(H)/4] + Z [n(N)/2]  

~here 
n(CO) n( CO) /2  

U = ~  X - - -  
q( CO 2)' q( CO 2) ' 

n(H 2) - n(OH)/4 + n ( H ) / 4  
V = y = .  

q (H20  ) + n(H20 ) + n(H2) ' 

n(H2)/2 + n(OH)/8 +3n(H)/8  

q(H20)  +n (H20)  +n(H 2) 

W = 
n(NO)/2  

q(N2) + n(N2) ' 

n(N)14 
Z = 

q(N2) + n(N2) 
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If the oxidant is  air, the concentration of  argon is  given by 

n(A) = q(A). (5.19) 

The equilibrium composition i s  expressed in terms of mole fractions by ~viding the number of 

moles of each consti tuent by the total number of moles n of the mixture. The mass  of the n:d:.:- 

ture in grams containing a total number of gram moles n is  Mo, ~'here 

M ° =44.010 q(CO 2) + 18.016 q(tt20) + 32.000 q(O 2) + 28.016 q(N 2) + 39.944 q(A). 

The General M'ethod for Rich Mixtures Without Solid Carbon 

Fuel-oxidant mixtures containing,, a deticit  of oxygen compared to the :~lount required for 

stoichiometric conversion of the carbon to carbon dioxide and the hydrosen to steam are c~dled 
rich mixtures and are characterized by C<I /2 ,  where C is  the composition p~ame te r  defin,:d by 

equation (3.2). If C>C1, where C 1 i s  the critical value of  C defining the .~olid carbon l~ourM~ D' 

surface,  equation (3.31), the equilibrium mixture will consis t  of a gas pha'.~e only. The predc, rc,- 

inant const i tuents  of the combustion products satisfying the conditions of irMependence required 

for their choice as components are 

CO, H2, H~) ,  N 2, 

except at very high temperatures.  A r~ore convenient set of components for r, dxtures at such t¢~,= 

peravares (ca. 4000 ° K.) i s  described in a la ter  section. If the o:ddant i s  ~ir, a fifth cor0poncnt, 

argon, must be considered. 

The solution of equations (3.13) and (3.14) for this choice of components resul ts  in the 

equations 

2(C/O) 
q ( C O )  = 

2(C/O) + (H/O) + (N/O) + 2(A/O) ' 

(H/O) + 2 ( C / O ) -  2 
q(H 2) = 2(C/O) + (H/O) + (N/O) + 2 (A/O) '  

2- 2(C/O) 

q(II20) = 2(C/O) + (H/O) + (N/O) + 2(A/O) ' (5.20)  

q(N 2) 
(N/O) 

2(C/O) + (H/O) + (N/O) + 2(A/O) ' 

2(A/O) 
q(.~) = 

2((2/0) + (H/O) h-(N/O) + 2(A/O) ' 
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relat ing tile normalized s toichiometr ic  constant 's  to the atomic ratios.  These  re la t ions  can be 

emplo) ed, together u, ith equat ions ( 3 . 6 ) o r  (3.7), to evaluate  the stoi.chiometric cons tan t s  for as-  

signed ~alues o~ the parameters  descr ip t ive  o t  the gross  composit ion of  the system. If  the oxi- 

dant is  not air, (A/O) =O, q(A) =O, and we obtain  

q(CO) 

q(tt2) = 

q(H2o) = 

( 1- A) ( I- B) 

I + A + B - A B '  

(I-A) [( 1+ B) (l-c) - 2c] 

(l-C) (I  + A + B-  AB) 

(l-A) i2C- (I-B) (l-C)] 

( l - C ) ( 1  + A +  B - A B )  ' 

(5.21) 

q(N 2) 
2A 

I + A + B - A B  

by subst i tut ion of  equat ions (3.5) into equat ions  (5.20). 

The chemical react ions  in the form of equat ions  (3. 11) for the formation of  the dependent  con- 

',tituent,, fro,,, the components are 

CO + lq20 - H 2 = CO2, 

2/120 = 2H 2 = 0 2 ,  

1120 - H 2 = O ,  

. 2 0 -  !H2 = O11, 
2 

I 
~-H 2 =H, 

H20 +_1 N-~_-Ilo. = NO,  
2 

I N  ~- 2 = N  

CO + 31t 2 - H20 = CH4, 

3 H ,  + 1 N 2 =  NH3, 

in xvhich the symbols  of  all of  the components  are written on the lef t -hand s ide o f  the equat ions .  
l h e  coeff ic ients  vij of these  equat ions can be summarized in matrix form, 

,i3~I - 34 = 



(v i j )  = (30 2 

0 2  

O 

OH 

H 

NO 

N 

CH 4 

NH 3 

CO H 2 H20 N 2 A 

/ 
1 -1 

0 -2 

0 -1 

0 -1 /2  

I 0 0 

2 0 0 

1 0 0 

1 0 0 

0 0 0 

1 1/2 0 

o 1/2 o 

-1 0 0 

0 1/2 0 / 

0 1 /2  

0 -1 

0 0 

1 3 

0 3/2 

(5.22) 

The constants  k i oi  t h e m a s s  action e:~oressions, equations (4.9), are given for stated v ~ u e z  of 

the temperature and pressure  by 

k(C02)  = K(CO2) ,. 

k(O2) = p ' IK(o2) ,  

k(o) , = p- IIc(o), 

k(OH) = [yl/2K(Off), 

t:(n) = p- I/2~(H), 

k (No) = p" 1/2~¢(~:o), 

k(N) = p" 1/2K(N), 

k(CH4) = p2K(CH4) , 

k(NH3) = pK(NH3) , 

(5.233 

~here the thermo~rnamic equilibrium constants  can be calculated from the eci:~librium, c o n s t ~ t ~  

of formation by means of the relations, 

K(CO 2) = Kf( CO2)/Kf( CO)K f(H 20), 

K(O 2) = 1 / [ K f ( H 2 0 ) ]  2, 

K(O) = Kf(O)/Kf(H20) ,  

K(OH) = Kf(OH)/Kf(H20),  

K(H) = Ki(H). 

K(NO) = K f(NO)/Kf (I-l~9), 

K(N) = Kf(N), 

K(CH4) = Kf(CHd) hf (H20) /Kf(CO) ,  

K(NH3) = Kf(NH3) , 

In writing down equations (5.25), we have taken account of  the fact that the cq~ailibriurTl con~t;zot 

of  formation of  an dem en t  i s  unit)'. 
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"lhe mole fractions of the dependent constituents are determined, for assumed values of the 
mole iractions of the components, by equations (4.9) in the form 

x( co 2) = 

x(02) = 

x(O) = 

x(OH) = 

x(H) = 

x(NO) = 

x(N) = 

x(CH4) = 

k(CO 2) x(CO)x(H20)/x(H2), 

k(O2 ) [x(H20)] 2/[x(H2) ] 2, 

k(O) x(Hp)/x(H2), 

k(OH)x(H20)/[x(H2) ] I/2, 

k(H) [x(H2)] I/2 

k(NO)x (H20) [x(N2) ] 1/2/x(H2),  

k(N) [x(N2)] 1/2, 

k (Ctt4)x(CO) [x(tt2)] 3/x (H20), 

(5.25) 

x(Nll3 ) = k(NH3) Ix(H2) ] 3/2 [x(N2) ] 1/2[ 

The x, alucs ot the mole fractions of the components leading to an exact calculation of the equi- 
librium composition satisfy the conditions 

F(CO) =O, ]?(tl 2) =O, F(H20)=O, F(N 2) =O, (5.26) 

xxherc tlle lunctions, defined by equations (4.11), are given by 

and ~here 

F(CO) = 

F(H2) = 

F( I t2o  ) = 

F( N 2) = 

Gq(CO) = x(CO) - x(CO2) - x(CH4) , 

Gq(H 2) - x(}l 2) + x(CO 2) + 2x(O 2) + x(O) + x(OH)/2 

-x(H)/2 + x(NO)-3x(CH4)- 3x(NH3)/2 , 

Gq(H20) - x(H20) - x(CO 2) - 2x(O 2) - x(O) - x(OH) 

-x(NO) + x(CH4) , 

Gq(N 2) - x(N2) ,- x(NO)/2 - x(N)/2 - x(NH3)/2 , 

(5. 27) 

G = 1 - x(O2) - x(O) - x ( O H ) / 2 - x ( H ) / 2 -  x(NO)/2-  x(N)/2 

+ 2x(CH4) + x(NH3). 
(5 .2~)  

The application of the Newton-Raphson method to the improvement of an approximate set  of 
values o/ thc mole iractions of the components requires the solution of equations (4. 12) in the 
form 
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Al l  A12 A13 A14 

A21 A22 A23 A24 

A31 A32 A33 A34 

A41 A42 A43 A44 

~(  co)" 

h(H 2) 

h(H20) 

h(N 2) 

= F(co) I 

:~¢H 2) 
F(H20) I 

~(N2) I 

(5.29) 

where h(CO), h(H2) , h(H20), and h(N2) are es t imates  of  the ~ractionM error~ of a p a r f i c ~ a r  ap- 

proximation to the mole fractions of the respectix.e components, to be e~r*ployed as i n . c a r e d  by 

equations (4. 13) in obtaining the next approximation, and where the coefficients,  defined, by ¢q~;t- 
t ions  (4. 14), are given 

wi th 

• A l l  = U l i -  Vlq(CO), A31 = U13 - VIqIH20),  

A12 = U12 - V2q(CO), A32 = U23 - V2q(Hf~),  

AI3 = U 13 " V3q(CO), A33 = U33 - V3q(II20), 

A14 = U14 - V4q(CO), A ~  = U34 - V4q(H2£0, 

A21 = U 1 2 -  Vlq(H2) , A41 = U14 - Vlq(N2) , 

A22 = U22 - V2q(H2) , A42 = U24 - V2qU'~2) , 

A23 = U23 - V3q(H2) , A43 = U34 - V3q(N2) , 

A24 = U24-  V4q(H2) , A44 = U44-  V4q(N2) , 

U l l  = x(CC)) + x(CO2) + x(CHz), U12 = -x(CO2) + 3x(CH4) , 

U13 = x(CO 2) - x(CII4), U14 = O, 

U22 = x(H 2) + x(CO 2) + 4:~(O2)+ x(O) + x(OH)/4 + x(I-I)/4 + ×(~O) + 9.x(CH4) 

+ 9x(NH3)/4  , 

U23 = x(CO2) - 4x(O 2) - x(O) - x ( O H ) / 2 -  x(NO) - 3x(CH4) , 

U24 = - x ( N O ) / 2 -  3x(NH3)/4  , 

U33 = x(H20) + x(CO 2) + 4x(O 2) + x(O) + x(OH) + x(NO) + x(Cfl~), 

U34 = x(NO)/2,  U44 = x(N2) + ~.:(NO)/4 + x(N)/4  + x(NH3)/4  , 
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a n d  

V I = 2x(CH4) , 

V 2 = 2x(O2) + x(O) + x(OH)/4 +x(H) /4  + x(NO)/2 +6x(CH 4) + 3x(NH3) /2 ,  

\ '3  -- "2x(O2) " x(O) - x ( O H ) / 2 -  x ( N O ) / 2 -  2x(CH4),  

V 4 = - x ( N O ) / 4 -  x(N)/4  + x (NH3) /4 .  

It the oxidant is  air, so that q(A) ~O, the value of the mole fraction of argon in the equilib- 

rium mixture, can be calculated from 

x(A) =Gq(A). (5.30) 

The total number of moles n contained in M o grams of mixture i s  equal to G "1, where 

M ~28.010 q(CO) ÷ 2.016 q(lt 2) + 18.016 q(H20) + 28.016 q(N 2) + 39.944 q(A), 
O 

and where the quantit T G is  defined by equation (5.28). 

The rate ot convergence of this method of computation can be increased substant ia l ly  if  the 

n~ole fractions of dependent const i tuents  are calculated from an approximate set  of values  of the 

x afiables, Yl, Y2, Y3' and x(N2) , ~'here 

Yl =x(CO) ,- x(CO2), 

)'2 =x(H2)"  x(CO2), 

Y3 =x(H20) + x(CO2)" 

(5.31) 

~te may determine a value of x(CO ?), cons is tent  with given values  of Yl, Y2, and Y3 and with the 

first of equations (4.26), by means of 

x(CO 2) = - b  + ~ b  2 + c 

x(CO 2) = - b -  ~ b  2 + c 

for k (CO 2) < 1, 

for k(CO 2) > 1, 

(5.32) 

~xhere 

b = 
. Y2 + (Yl + Y3 ) k(CO2) 

2 [ 1 -  k (C02) ]  ' 

~'here k(CO 2) = 1, the solution is  

Y1 Y3 k (CO2) 

l - k ( c o  2) 

x(CO2)  = 
YlY3 

Y I + Y2 + Y3 
(5.33) 
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The values of .-:(CO), x(I-12), and x(H20) can then be detemained for given y l, Y2, and Y3 by equa- 
t ions (5.31), and they may be employed v:ith equations (5 .26) to  complete the determination of dtc 

equilibrium composition for assumed values of Yl, Y2, and Y3" If tl-dz determination doe~ riot 
sat isfy the criteria tot convergence, the next approximation can be obtMned bY means oi  

! 

Y 1 = Yl [ I  + h (CO)] + x(CO 2) [ -h(H 2) + h ( H 2 0 ) ] ,  
! 

Y2 = Y2 [ I  +h(112)] + x(CO 2) [-h(CO) + 2h(H 2 ) - h ( H 2 0 ) ]  , 

I 
Y3 = Y3 [ I  + h ( H 2 0 ) ] + x ( C O  2) [ h ( C O ) - h ( H 2 ) ]  , 

x!(N2) = x(N 2) [1+h(N2)], 

J 0  

I T T 

where h(CO), h(H2) , h(H~O), h(~q 2) are the solutions oi  ecfuations (~.2:~) z~-Jd ~a'here y],  y2 ~ Y3' 

xV(N2 ) are the new approximations to Yl, Y2, Y3' and x(N2) , respectively. 

A Special Method for Rich Mixtures without Solid Carbon 

The special method of computation can profitably be employed in c Jc~Ia t ions  for condixion~ 
such that the convergence of the general method is inconveniently slov ~. This  will be the c,t~.e 
for mixtures near the stoichiometric point C = 1/2 and for mixtures at teraperatures s~ch that dit,- 
sociation of the components into atomic species  is  important. Although the special method con- 

verges more rapidly than the general method, each iteration of the speciM rrtethod involves a con- 

siderably longer and less  systematic computational routine than is r e ~ i r e d  by the g e n e r a l  

method. 

At temperatures sufficiently high so that methane and ammonia can be assumed to be absent 

from the equilibrium mixture, v.,e t~:e the variable ~, defined by ecfaation (4.17), to be 

= n(H 20)/n(i 12)¢ (5.35) 

and employ equation (5.35) to eliminate n(H20) from the set of equations describing the ecl~ilib- 

rium conditions. The stoichiometric conditions, equations (4. 1), can be v.dtten in £he form, 

n(CO) + n(CO 2) = q(CO), 

n(H 2) [1 + ~] + n(OH)/2 + n ( H ) / 2  = q t ( H  2) =q(H 2) + q( t l20) ,  (5.36) 

n(N 2) + n(NO)/2 + n(N) /2  = q(N2), 

where the second equation is  a linear combination of the stoichiometric conditions on the com- 

ponents }t 2 and H20. The mass action e .~ressions, '  equations (4. I9), c~-c~ be xvritten e.xplicitly 

n(CO2) = kt(CO2 ) x ~, n(O 2) = k)(O2 ) !-t 2, 

n(OH) = kv(OB) y ~,  n(O) = kT(O) ~, 
(';.37) 

n(H) = kt(H) y, n(NO) = kt(NO) z ~, 

n(N) = kV(N) z, 
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~here 

k '((D 2) = k(CO2), k '(0 2) = nk (O2), 

kt(OH) = n l / 2 k ( O H ) ,  k ' (O)  = nk(O),  

k '(H) = n l / 2 k ( H ) ,  kt(NO) = n l / 2 k ( N O ) ,  

k '(N) = n l / 2 k ( N ) ,  

and where we have employed the abbrevia t ions  

x = n(CO),  y 2  = n(H2),  z 2 = n(N2).  

Substituting equat ions (5.37) into equat ions  (5.36), we obta in  

( 5. 38) 

( 5. 39) 

x [1 ~ k'(CO2)g] -q(CO) = O, 

y2(l + ~) +y [k '(OH)~ + k'(H)]/2- q'(H2) = O, 

z 2 + z [k '(NO) ~ + k'(N)]/2- q(N2) = O, 

x~ith the solut ions 

X = 

q ( c o )  

1 + k ' ( C 0 2 ) B  ' 

= k'(OH)~ +kt(H) + ~--kt(OH)~+k'(H-~ 2 + q'(H2) (5.40) 

k ' (NO)~ + k '(N) 2 
Z = + • 

~E k1(NO)[/+k1(N)]4 + q(N2)" 

Equat ions  (5.40), together  with equat ions  (5.35), (5.37), and (5.39), determine the equilibrium 

composit ion for assumed va lues  o f  n and ~. 

The  values  of  n and ~ leading to an exact  ealculat ion of  the equilibrium composi t ion sa t i s fy  

the condit ions,  

F(~) =O, F(n) =O, 

~here the functions are defined by equat ions (4.22) and have  the expl ic i t  form, 

F(~) = q(H20 ) - n (H20  ) - n(CO2) - 2n (O2) - n(O) - n(OH) - n(NO), 

F(n) = n - 1 - n (O 2) - n(O) - n (OH) / 2  a n ( n ) / 2  - n ( N O ) / 2  - n(FO/2.  
(5.41) 

4351 - 40 - 



If F and G do not vanish, t he  application of t h e  Newton-Raphson rciethod to ob t~n  an irrt- 
proved pair of values of n and gt requires the solution of equations (4.23), 

I A l l  a12 1 (g = (g 

A21 A22 [.h(n)] !..rCn) j 
(5.42 ) 

where h(~) and h(n) are estimates of the fractional error of the approxirrJation to ~ and n, respec- 
tively, to be employed as indicated by eciuations (4.24) in obtaining the next e.pproximation, ~ d  

where the coefficients, defined by equations (4.25), are given by 

A l l  = n(H20 ) +n(CO2) +4n(O 2) +n(O)+ n(OH) + n(NO) 

+ Un(CO 2) +V [2n(H20) +n(OH)] + Wn(NO), 

A12 = 2n (0 2) +n(O) +n(OH)/2 + n(NO)/2 

+ Xn(CO2) + y  [2n(H20)+n(OH)]  + Zn(ND), 

A21 = 2n (0 2) +n(O) + n(OH)/2 + n(NO)/2 

+ V [n(OH)/2 +n(H)/2] + Xg, [n(NO)/2 +n(N) /2] ,  

A22 =-n  +n(O 2) +n(O) +n(OH)/4 +n(It) +n~NO)/4 +n(N)/4 

+ Y [n(OH)/2 + n(I-1)/2] + ~' [n(NO)/2 +n(N) /2] ,  

where 

n(CO 2) 

q(CO) 

n ( H 2 0  ) - n(OH)/2 

V = -q.t(H2 ) + n(H2 ) + n(H2,O ) , 

n(NO)/2 

q(N 2) n(N 2) ' 

X = O ,  

n(OH)/4 + n (B)/4 
y = -  

qV(H 2) +n(H 2) +n(H20) ' 

n(NO)/4 + nCH)/4 
m = . 

q(N2) + n(N 2) 

If the oxidant is  air, the concentration of argon is given by 

n(A) = q(A). (5.43) 

The equilibrium composition is e,,~ressed in terms of mole fractions by ~vic[ing the number of 
moles of each constituent by the total number of moles n of the mixture. T)ae rr~ass of the vdx- 
ture, in grams, containing a total number of gram moles n is  Mo, ~,here 

M =28.010 q(CO) + 2.016 q(H 2) + 18.016 q(H20) + 28.016 q(N 2) + 39.944 q(A). 
O 
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It should be noted that this computation program remains determinate for the case where the 

system contair~s no hydrogen (B = O), since l.u remains finite as n(H2) and n(tl20) tend to zero. 

A Special Method for Homogeneous Mixtures at High Temperatures 

At high temperatures (ca. 4,000 ° K.), a considerable amount of dissociation results in the for- 

marion ot atomic species at the expense of the substances employed as components tor the pre- 

x iously described computational methods for both lean and rich mixtures. Under these circum- 

stm, ccs, thcsc methods are inconveniently slow in converging, a n d  it is  u s e f u l  to employ a 

speci~  computation program t0r these temperatures. The predominant constituents of the com- 

bustion products satisfying the conditions of  independence required for their choice as compo- 

D C F i t  s , ~ e  

CO, H, O, N 2. 

It the oxidant is air, a fifth component, argon, must be considered. At these temperatures, am- 

monia and methane need not be considered as possible constituents of the equilibrium mixture. 

The solution of equations (3. 13) and (3.1.5) for this choice of components results in the 

equations 

2(c/o)  
q(CO) = 2 +2(}1/O) + ( n / o )  + 2(A/O) ' 

q(tl) 
2(H/O) 

= 

2 +2(H/O) +(N/O) + 2 (A/O) '  

q(O) 
• 2 - 2 ( C / O )  

2 + 2(H/O) +(N/O) + 2 (A/O) '  

(N/O) 

q(N2) = 2 + 2(H/O) +(N/O) + 2(A/O) '  

(5.44) 

2(A/o) 
q(A) = 

2 + 2(H/o) + (N/O),* 2( A/O)' 

relating the normalized stoichiometric constants to the atomic ratios. These relations can be 

emplo) ed, together ~ith equations (3 .6 )or  (3.7), to evaluate the stoiehiometric constants for as- 

signed x alues of the parameters descriptive of the gross composition of the system. If the oxi- 

d.mt is not air, (A/O) =O, q(A) --O, and ~e obtain by substitution of equations (3.5) 

(l-A) (I-B) (I-C) 
q(CO) = 2C(1-A) + 2(1-C) (A + 2 B -  2AB) ' 

4:~51 

q(n) 

q(O) = 

q(N2) = 

2B ( 1-A (I-C) 

C(1-A) + (l-C) (A + 2B - 2AB) ' 

( 1 - A ) ( B + 3 C -  BC-  1) 

2C(1-A) + 2(1-C) (A + 2 B -  2AB) ' 

A(1-C) 

C(1-A) + (1-C) (A + 2B- 2AB) " 

- 4 2 -  

(5.45) 



The stoichiometric constants  for this progranl can be computed from those for the prograxn for rich 
mixtures without solid carbon at lov.,er temperatures by means of the relation,.~ 

q(CO) = q(Co)(r)/[q(Co)(r)+2q(H2)(r)+3q(H20)(r) + q(Na)(r)],  

q(H) = [2q(H2)(r)+2q(H20) (r)] / [q(Co)(r)+2q(H2)(r)+3q(H20)(r) + cI(~"2)(r)], 
(5.46) 

q(O) = q(H20)(r)/ [q(Co)(r)+2q(H2)(r)+3q(H20) (r) +q(N2)(r)], 

q(N2 ) = q(N2)(r)/[  q(Co)(r)+ 2q(H2)(r) +3q(H20) (r) +q (N#(r)] ,  

~.here the superscript r is employed to aesignate the previously defined constants  tot horr~o~e- 
neous, rich mixtures at lo~er  temperatures. Similarly, in terms of the constznts  for lean mixture'_--, 
at lo~'er temperatures, 

q(C_D) = q(C-D2)('A)/[2q(CO2 )(A~) + 3q(H20) ( ~ )  + 2q(O2 ) ( 2 )  + q (N2) (~ ) ] ,  

q(H) = 2q (H20) (~ ) / [2q (CD2 ) ( / )  + 3q(H20)(S)  + 2q(O2 )(~d) + q(N2)(£ ' ) ] ,  (5.47) 

q(O) = [q(CO2)( '~) + q(H20) ( 'd )  + 2q(O2 ) ( ~ ]  / [ 2 q ( C O 2 ) ( ~ )  + 3q(H20) ( ~ )  + 2q(O2 )('<:~) 

+ q(N2)(~)]  , 

q(N2) = q(N2)(-~)/[2q(CO2)("~) + 3q(H20)(-'d) + 2q(O2)("~) + q(N2)(/ '~)], 

~here the s u p e r s c r i p t ~  is employed to designate the previously defined constants for lean mix- 
tures at lower temperatures. 

CO + O = CO 2, 

2H = H2, 

211 + O =H20, 

2 0  =02, 

O + H =OH) 

(1/2)N 2 + o =No, 

( 1/2)N 2 =N. 

The coefficients ~ ij of these equations can be summarized in matrix form, 
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(v i i )  = CO 2 

H 2 

H2o 

0 2  

OH 

NO 

N 

CO H O N 2 A 

1 0 1 0 0 

0 2 0 0 0 

0 2 1 0 0 

0 0 2 0 0 

0 1 1 0 0 

o o 1 1/2 0 

o o o V 2  o 
, - t  

(5.48) 

The cons tan ts  k i of  the mass  action express ions ,  equat ions  (4.9), are given for s ta ted  va lues  o f  

tile temperature and pressure  by 

k(CO2) = pK(CO2) , 

k(H2) = pK(H2) , 

k (H20)  = p2K(H20), 

k(O2) = pK(O2) , 

k (O}t) = pK(OH), 

k (NO) = p 1/2K(NO), 

k (N) = p"//2K(N),  
(5.49) 

x~here the thermodynamic equilibrium cons tan ts  can be ca lcu la ted  from the equilibrium cons tan t s  

ot tonnafion by means  of the re la t ions  

K(CO2) = Kf(CO2) /Kf(CO)Kf(O) ,  

K(ll 2) = 1/ [Kf(H)]  2,  

K(tI20) = K f ( H 2 0 ) / [ K f ( } t ) ]  2Kf(O) ,  

K(O2) = 1 / [ K f ( O ) ]  2. 

K(OH) = Kf(OH)/Kf  (H)Kf(O), 

K(NO) = K f (NO)/Kf  (O), 

K(N) = Kf (N), 

(5.50) 

It* xxriting equat ions (5.50) we have taken account  o f  the fact  that the equilibrium cons tan t  of  for- 

matio,l ol  an element i s  unity. 

-lhe mass  action express ions ,  equat ions  (4. 19) can be written in the form 

n(CO 2) = k I(CO2) x~ ,  n(OH) = k Y(OH) y~,  

n(H 2) = kV(tl2) y2, n(NO) = k'(NO) z~ ,  
(5.51) 

n (H20)  = kt(}12 O) y2~, n(N) = k*(N) z, 

n (O 2) = kr (O 2) I-t 2, 

xvhere we have introduced the var iable  

~t =n(O), ( 5.5 2) 

and the abbreviat ions 

x =n(CO), y =n(tl), z 2 =n(N2) , (5.53) 
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and where 

k )(CO 2) = n" lk (C02), 

, k ' ( ] l  2) =n ' lk(H25,  

k ' (n20) = n- ~,:(n20), 

k ' (O 2) = n" Ik(02). 
~'~e employ the stoichiometric conditions in the torm given by equations (4. I). 

the components CO, tl, and N 2 are 

[: '(OH) = n" Ik (OH), 

k '(NO) = n" 1/~: (NO), 

I: '(N5 = n" l/2t:(N), 

(5.54) 

The condition'_~ on 

n(CO) + n(CO 2) = q(CO), 

n(H) + 2n(I-I 2) + 2n(H20) + n(OH) = q(H), 

n(N2) + n(NO)/2 + n(N)/2 = q(N2). 

(5.55) 

Substituting equations (5.57) and (5.535 into equations (5.555, there are obtMned 

x [ 1 ÷ k ' ( c o ) ~ ]  - q(CO5 t o ,  

2y 2 [k'(H2) + k ' ( H 2 0 ) ~ ]  + y  [1 +k t (OH)~]  - q(H) =O, 

z 2+ z [kV(NO)~ +kV(N)]/2 - q(N 2) =O, 

v, ith the solutions 

q(CO) 
X --  

1 + l: ' ( C O ) ~  ' 

k v(OH)IX 2 1 + kV(OH)~ 1 + q(I4) 
+ (5.56) 

y = "4kV(H2 ) + 4kt(H20)~ + bkV(H2) + 4kV(H20 ) Z~t(I-12 ) + 2k'(H20).~ ' 

= k'(NO)~ +kt(N) +~_:'(NO)~ +k'(N)l 2 + q(N25. 
z 4 4 

Equations (5.56), together v.,ith equations (5.51), (5.52), and (5.~3), determine the equilibriur~ 

composition for assumed values of n and ~. 

The values of n and ~ leading to an exact calculation of the eq~ailibri~m composition satisfy 

the conditions 

F(~5 = o ,  F(n) =O, 

x~'here the functions, defined by equations (4. 22), are given by 

r(~t) = q(O) - n(O) - n(CO 2) - n(H20) - 2n(O 2) - n(On) - n(b:O), 

F(n) = n-1 +n(CO2) +n(H 2) + 2n(H20) +n(O 2) +n(OH) + n ( N O ) / 2 - n ( N ) / 2 .  
( 5 . 5 7 )  
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I t  F and G do not vanish, the application of the Newton-Raphson method to obtain an im- 
proved pair  of vMues oi  n and ~ requires the solution of  equations (4.23), 

1 (5.58) 

L 21 t %J 
g here b(~l) and h(n) are es t imates  of the fractional error of the approximation t o l l  and n, respec-  

tively, to be employed as indicated by equations (4.24) in obtaining the next approximation, and 

gherc the coefficients,  defined by equations (4.25), are given by 

Al l  = n (O) + n(CO 2) + n (I:t20) +4n(O 2) + n(OH) + n(NO) 

+ Un(CO 2) + V[2n(H20)  +n(OH)]  + Wn(NO), 

A12 = -n(CO2) - 2n(H20 ) - 2n (02) - n(OH) - n(NO)/2  

+ X n ( C O 2 ) + Y [ 2 n ( H 2 0 ) +  n(OH)] + Zn(NO), 

A21 -- -n(CO 2) - 2.n(H20) - 2n(O2) - n(OH) - n(NO)/2  

+ U[-n(CO2)]  + V[ -2n(H 2) -  4n (H20) -n (OH) ]  + W[-n(NO)/2 + n ( N ) / 2 ] ,  

A22-- °n +n(CO 2)+ n(H 2) +4n(H20)  +n(O 2) +n (OH)+  n(NO)/4 + n ( N ) / 4  

+ X [-n(CO2)] + Y [-2n(H2) - 4n(H20) - n(OO)] + Z [ -n (NO) /2  + n ( N ) / 2 ] ,  

wh ere 

n ( CO 2) n (CO 2) 
U -  X -  

q(CO) ' q(CO) ' 

2n(H20) + n(OH) 
V = . y = 

q(H)+2n (H2)+2n (H20) ' 

n(H2) + 2n(H20) +. n(OH) 

q(H) + 2n(H2) + 2n(H20 ) ' 

n ( N O ) / 2  n ( N O ) / 2  - n ( N ) / 2  
W = =  Z = 

q(N2) + n(N2) ' q(N2 ) + n(N2) 

If  the oxidant is air, the concentration of argon i s  given by 

n(A) = q(A). (5..59) 

The mass  of  the mixture containing a total of n moIes is  Mo, where 

M ° =28.010 q(CO) + 1.008 q(H) + 16.000 q(O) + 28.016 q(N2) + 39.944 q(A). 
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The General Method for Rich Mixtures with Solid Cc~rhon 

Rich fuel-oxidant mixtures that are characterized by C<C1, where C is the compositiort parw,t- 

eter defined by equation (3.2) and C 1 is the critical value of C defining the ~ l id  carbon bo~andary 

surface, equation (3.31), consist  of a gas phase in equilibrium with ~c, lid carbon. ~he predomi- 

nant constituents of the combustion products satisfying the conditions of independence req~ir~:d 

for their choice as components are 

C(s), CO, H 2, N 2. 

Because the system is heterogeneous, it posses ses  only tx~o degrees of freedom for the zpeeifi- 

cation of composition, and the computation program is based upon the £_,aseous corr~ponent~ only. 

If the oxidant is air, a fifth component, argon, must be considered. 

The solution of equations (3.13) and (3.14) for this choice of compormnt'a r e su l t s , ;  in the 

equations 

2 

q(CO) = 2 + (H/O) + (N/O) + 2(A/O) ' 

(H/O) 
q(H2) = 2 + (H/O) + (N/O) + 2(2k/O) ' 

( W o )  

q(N2) = 2 + (H/O) + (N/O) + 2(A/O) ' 

q(A) 
2(A/O) 

= 

2 + (H/O) + (N/O) + 2(A/O) ' 

(5.~0) 

relating the normalized stoichiometric constants to the atomic ratios. The~e relations are inde- 
pendent of the amount of carbon av-Mlable, which is  assumed to be in e:.;ce~. They can be em- 

ployed, together with equations (3.6) or (3.7) to evaluate t h e  stoichiorrtetric constants for  a~,- 

signed values of the parameters descriptive of the g r o s s  composition of the ~,~ystem. l i  the, 

oxidant is not a i r ,  (A/O) =O, q(A) =O, and we o b t a i n  by substitution of equations (3.5) t h e  

tel ations 

q(CO) = E(l-D), 

q(H 2) =(I-D) (l-E), (5.61) 

q(N 2) =D 

for a system described by the parameters D and E. 

X~,e shall determine, in addition to the equilibrium composition of the gas phase, the location 

of  the solid carbon boundat 3, surface in the form B 1 =BI(D , E, p, T). 

The chemical reactions in the form of equations (3.11) for the formation of the dq0endent con- 

stituents from the components are 
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2 c o -  C(s ) = co2 ,  

CO + H 2 - C(s ) = H20, 

2CO" 2C(s ) = O, 

c o -  C(s ) = o,  
1 

CO + ~ . H  2 -  C(s ) = OH, 

H = H, 

1 
CO + ~ N  2 -  C(s ) = NO, 

1 
~- N 2 = N, 

C(s) + 2H2 = O I 4 '  

3 h 2  + I N 2 = N H 3 ,  

in ghich the symbols  of all of  the components  are written on the left-hand s ide of  the equat ions.  

Thc coe t f ic ien ts  V ij of  these  equat ions  can be summarized in matrix form, 

C(s  ) CO H 2 . N 2 A 

/ \ 
(v i i )  = CO2 (-1) 2 0 0 0 

JI2o (-1) 1 ~ o o 

0 2 (-2) 2 0 0 0 

O (- I) 1 0 0 0 

OH (- 1) 1 1 /2  0 0 (5. 62) 

H 0 0 1/2 0 0 

NO (- 1) 1 0 1/2 0 

N 0 0 0 1/2 0 

CAI 4 (1) 0 2 0 0 

NH 3 0 0 3 /2  1/2 0 

x~'here the entr ies  in the column for sol id  carbon are enc losed  in pa ren these s  to i nd i ca t e  that  

these  d e m e n t s  are not to be taken into account  in summations over  the g a s e o u s  components.  The 

cons tan ts  k i of  the mass  act ion express ions ,  equat ions  (4.9), are given for s ta ted va lues  of the 

temperature and pressure  by 
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k (CO2) = pK(CO2) , k (H) = p" 1/2K[H), 

k (H20) = pK(H20), k (NO) = p 1/2K(NO), 

k(O 2) = pK(O2), k(N) = p ' I /2x(N),  

k(o) = K(O), k (al4)= pK(CH4) , 

k (OH) = p 1/2K(OH), k (NH3)=pK(NH 3 ), 

(5.63) 

~here the thermodynamic equilibriur,1 constants can be calculated from the ¢%ailibrium consr;~r ,  
of formation by means of the relations 

K(CO 2) = Kf(CO2)Kf(C)/[Kf(CO)] 2, 

K(H20 ) = Kf(H20)Kf(C)/Kf(CO) , 

K(O 2) = [Kf(C)] 2/[Kf(CO)] 2, 

K(O) = Kf (O)Kf(C)/K f(CO), 

K(OH) = Kf(OH)Kf(C)/Kf(CO), 

K(H) = Kf(H), 

K(NO) = Kf (NO)Kf ( C)/Kf (CO), 

K iN) = Kf(~O, 
(5.64) 

K(CH4) = Kf(CH4)/Kf(C), 

K(N}I 3) = Kf(NH3 ). 

In writing equations (5.(~), we have t~:en account of the fact that the equilibrium constar, t of for- 
mation of a gaseous element i s  unity. If solid carbon is  assumed to be in the form of graphite, 
then Kf(C) = 1. Hoxx, ever, if  the solid carbon is assumed to exist in an activated fort% the equi- 
librium constant of formation of the activated form can be used explicitly in equations (5.66). 

The mole fractions of the dependent constituents are determined by equations (4.9) in the 
fobm 

x(CO 2) = k(CO) [x(CO)] 2, 

x(H20) = l: (H20) x(CO) x(H2) , 

x(o2)  = 1:(o2) I x ( c o ) ]  2, 

x(O) = k(O) x(CO), 

x(OH) = k(OH) x(CO) [x(H2)] I /2 ,  

x(H) = k(}l) [x(H2) ] 1/2, 

x(IxrO) = 1:(NO) x(CO) [x(N2) ] I /2,  

x(~0 = ~:(~;) Ix(N2) ] L/2, 

x(CAi4) = k ( C l l ~  [x(H2)] 2 

x(NH 3) = k(NH3) [x(H2)] 3/2 Ix(N2) ] 1/2 

(5.65) 

for assumed values of the mole fractions of the components. The values of the mole fractior, s of 
the gaseous components leading to an exact calculation of the equilibrium composition of the ~:as- 
eous phase satisfy the conditions 

F(CO) =O, I-(H2) =O, F(N2)=O, 
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x~llt'rc the mnctions, defined by equations (4.11) are given by 

,md ~here 

F(CO) -- Gq(CO)=x(CO)-2x(CO2)-x(H20 ) -2x(O2)-x(O)=x(OH)-x(NO), 

F(It2) = Gq(tt2)-x(H 2) =x(H20)=x(OH)/2-x(H)/2-2x(CH4)-3x(NH3)/2, 

F(N 2 ) = Gq (N 2) -x (N 2) -x(NO)/2 =x(N)/2 -x (NH3)/2 , 

(5.66) 

G=l+xtCO2)+xflt20)+x(O2)+x(Otl)/2-x(H)/2+x(NO)/2-x(N)/2+x(CH4)+x(NH3). (5.67) 

The application of the Newton-Raphson method to the improvement of an approximate set of 
vMues of thc mole fractions of the gaseous components requires the solution of equations (4. 12) 

in the torm 

i l l  A12 A13 ~ ] ~ h ( C O f l  = ~1-'(CO)'~ 

~llere h(CO), h(h2), and h(N 2) are estimates of the fractional errors of a particular appro~mation 
to the tool e tractions of the respective gaseous components, to be employed as indicated by equa- 
tions (4.13) in obtaining the next approximation, and xvherethe coefficients, defined by equations 

( i. 14), are gix'cn by 

xsith 

A l l  = U l l -  VIq(CO), A23 = U23.- V3q(H2), 

A12 = U12- V2q(CO), A3l = U13 - Vlq(N2) , 

A13 = U13 - V 3 q(CO), A32 = U23 - V2q(N2), 

A2l = U21- Vlq(H2), A33 = U33- V3q(N2) , 

A22 = U22 - V2q(H2) , 

U l l  = x(CO) +4x(CO 2) + x(H20) + 4x(O 2) + x(O) + x(OH) + x(NO), 

U12 =- x(ti20) + x(OH)/2, U13 =x(NO)/2, 

U22 = x(t[2) +x(t l20)+x(OH)/4+x(H)/4+4x (CH4)/4+9x (NH3)/4, 

[;23 = 3x(NH3)/4, U33 =x(N2) + x(NO)/4 + x(N)/4 + x(NH3)/4, 

\ '1 = 2x(CO2) + x(H20) + 2x(O2) + x(OH)/2 + x(NO)/2, 

V 2 = x(tI20) + x (OH) /4 - x ( H) / 4  + 2x(CH 4) + 3x(NH3)/2, 

V 3 = x(NO)/4-  X(N)/4 + x(NH3)/2. 

(5.69) 

(5.70) 

(5.71) 

~md 
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If the oxidant is  air, so that q(A) =O, the value of the mole fraction of argon in the eqmlib.  

rium mixture can be ca lcula ted  from 

x(A) =G q(A). (5.72/ 

The total number of moles  n contained in M o grams of the gaseous  mixture is  G "l,  where 

M ° =28.010 q(CO) + 2.016 q(H 2) + 28.016 q(N 2) -~- .,=O.O,~/. -.-, q(A) 

and where the quantity G is  defined by equation (5.67). 

In order to determine the location of the solid carbon boundary surface, the number ot ~:rztn, 

atoms of  carbon contained in M o grams of gas  phase  in the form of eorr~pouads of carbon i:~ cM- 

cul ated by 

1 
QC = ~ [xCCO) + x(CO 2) + xCCH4)]. (5.73) 

It i s  evident from equations (5.66) that the number of gram atoms of hydro.~en in the smrje wei2ht 

of  gas phase  is  

QH = 2q(H2)" (5.7g0 

If these  relat ions are subst i tuted into the definition of B given in equation~ (3.3), we obtadn 

q(H2~ 
( ~ .7)) 

B1 2 Q c  + q(t t  2)" 

l 

No~, q(H2) i s  a function of  D and E, given by equations (5.61), ~-~d QC is  a function ot the eq!A- 
librium composition, and therefore an implicidy prescr ibed fxmcdon of D, F, the temperature, ~md 

the pressure.  It follows that equation (5.75) is  a relation of  the form 

B 1 =BI(D , E, p, T) 

for the location of the solid carbon boundary surface. 

If the amount of carbon avai lable to the system is  l imited and specif ied by a value of the pa- 

rameter B<B1, the amount of  solid carbon in the heterogeneous mixture at equilibrium is  given by 

equation (3. 29), which can be ~,ritten in the form 

n(C(s )) =(l-D) (l-E) (B l-B)/(? 1B, (5.76) 

where n(C(s)) i s  the number of  gram atoms of solid carkon in equilibrium v.ith M o grau~ ot gas-  

eous mixture. 

The foregoing computation method has been based essent ia l ly  upon a ,_~ecification of the a- 

mou.::s of hy&-ogen, oxygen, and nitrogen avai lable  to a system with ar~ excess  of carbon. ~fLd:; 

method affords the most convenient bas i s  for treating sys tems that are known in advance to be 
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heterogeneous. I:towever, it is  not convenient in determining the range of applicability of a com- 

putation method for rich homogeneous mixtures described by the parameters A, B, and C. For the 

latter purpose, a representation of the solid carbon boundary surface in the form 

C 1 =C I (A ,  i3, p, T) 

is desired, requiring a computation method based upon a specification of the amounts of carbon, 

hydrogen, and nitrogen available to the system. Such a description of the composition is not the 

natural one to employ, and the computation program for this case can not be formulated by the 

routine application of the general principles. However, it is  possible to devise a computation 

method lot the heterogeneous mixture ~hose composition is  described by specification of the pa- 

r,mletcrs A and L¢, and this method is similar, except in detail, to the one that has been described. 

, 'in alternative solution of equations (3. 13) and (3. 14), appropriate to the present application, 

can be x~ritten in the tbrm 

2(c/o) 
q(CO) = 2(C/O) + (H/O) + (N/O) + 2(A/O) ' 

(H/O) 

q(n2) = 2(C/O) + (H/O) + (N/O) + 2(A/O) ' 

(N/O) 

q(N2) = 2(C/O) + (H/O) + (N/O) + 2(A/O) ' 

(5.77) 

q(A) 
2(A/O) 

2(C/O) + (H/O) + (N/O) + 2(A/O) ' 

in a hich q(CO) is determined by the relative amount of carbon available instead of by the rela- 

tive amount oi oxygen available, as in equations (5.60). Equations (5.77) are independent of  the 

relative amount of oxygen available to the system. They yield 

(l-A) (l-B) 
q ( c o )  = 

I + A + B - A B '  

2B( 1- A) 

q(H2) = 1 + A + B - A B '  (5.78) 

W 2A 

q(N2) = 1+  A + B-  A B '  

lot a system described by the parameters A and B. 

The mole iractions of the dependent constituents are determined by equations (5.65) for as- 

sumed values of the mole tractions of the components. The mass action constants appearing in 

these expressions are defined by equations (5.63) and (5.64). 
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~lhe values of the mole fractions of the gaseous  components leading to an exact  c~dcul~iort 

o f  the equilibrium composition of the gaseous  phase  sat isfy the conditions 

][:(CO) = O, F(H 2) = O, F(N 2) = O, 

v:here die functions are given by 

F(CO) = Gq(CO)-  x (C O) -  x (CO2) -  x(CH4) , 

F(H2) = Gq(H 2) = x(H 2) - x ( H 2 0 ) -  x ( O H ) / 2 -  x ( H ) / 2 -  2x(CH~) -3x(NH3) /2  , 

F(N 2) = Gq(N 2) - x(N 2) - x ( N O ) / 2 -  x ( N ) / 2 -  x(NH3)/2 , 

and where 

G = l-x(OH)/2-x(H)/2-x(NO)/2-x(N)/2 + Z,~(CAi4) ÷ x(NH3). 

(5.79) 

(5A:0) 

The first member of equations (5.79) differs from the corresponding member of equat ions ¢5.~6) 
because  the value of q(CO) is  determined for the former case  by the rel~d:,e amount of carh:,ri 

avai lable  to the gaseous phase  and for the la t ter  case  by the relat ive ~0-tount of  oxygen a,;,ail~,b~e 

to this phase.  As a result, the definition of G given by equation (5.80) differs from that ~,iverL by 

equation (5.67). 

The application of the Ne~,ton-Kaphson method to the improvement of ~ta appro.,:imate s ~  of 

va lues  of the mole fract ions of the components requires the solution of eq,aations f5.68), the coet- 

f ic ients  of  which are given by equations (5.69). tloxa~ever, in the evaluation of equation~ ( 5 / 9 ) ,  

the definitions of  the quantit ies Ujjt and Vj, given for the former case  b)' equations (5.70) 2.:~d 

(5.71), respect ively,  must be replaced by the re la t ions 

u i 1  = x ( c o )  + x ( c o  2) + x(CH4), 

U12 = 2x(CH4) , U13 = O, 

U22 = x(H 2) + x(H20) + x(OH)/4 + x(H)/4 + 4x(CH 4) + 9:.:(NH3)/4, 

U23 = 3x(NH3)/4,  U33 = x(N 2) + x(NO)/4 + x(N) /4  + x(Nt{3)/4 

and 

V I = 2x(Ch4)' 

V 2 =-x(OH)/4-x~H)/4 + 4x(CH 4) + 3x(NH3)/~ 

V 3 ='x(NO)/4 -x(N)/4 +x(NH 3)/2. 

(5.82~ 

I f  the oxidant is  air, the value of the mole fraction of argon is given by equation (5.72), g;ith 

G defined by equation (5.80). The total number of  moles  n contained in M o grams of the gaseou.~ 
mixture is  G "1, xx, here M o i s  again given by 

M ° =28.010 q(CO) + 2.016 q(H 2) + 28.016 q(N 2) + 39.944 q(A), 

and where the quantity G is  defined by equation (5.80). 
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l h e  number oi gram atoms of oxygen contained in M o grams of gas phase is  given by 

1 Ix(CO) + 2x(CO 2) + x(H20) + 2x(O 2) + x(O) + x(OH) +x(NO)].  %:g 
The number ot gram atoms of carbon and hydrogen in the same weight of gas phase are 

(5.83) 

Qc = q(CO), QH = 2q(H2). (5.84) 

It these quantities are substituted into the definition of  C given in equations (3. 2), we obtain 
I 

Qo 
C1 =2q(CO) + q(t12) + Q;" (5.85) 

! 

Nob q(Ct)) and q(tt2) are functions of A and B, given by equations (5.78), and QO is  a function 
o1 the equilibrium composition, and therefore an implicitly prescribed function of A, B, the tem- 

perature, and the pressure. It follows that equation (5.85) i s  a relation of  the form 

C 1 =CI(A , B, p, T) 

tor the location of the solid carbon boundary surface. 

Vl. THE THERMODYNAMIC PROPERTIES OF GAS MIXTURES 

] h e  thermodynamic properties of a gas mixture of known composition are easi ly determined by 

means ot gell-knog.n relations. These relations are discussed in detail in standard t reat ises  on 
thermodynamics. 17/ In the present  section, ~e l i s t  without derivation the relations that are con- 

veniendy employed in the evaluation of the thermodynamic properties of combustion gases,  he  

include in general form the relations for taking into account the effect of gas imperfection on 
these cal cul ations. 

T h e  State V a r i a b l e s  

The gross composition of the system has been quantitatively described for the purpose of the 
calculation of the equilibrium composition by the parameters qj, j = 1, 2, . . . c, expressing the 
composition of the hypothetical mixture consisting of components only. The normalization of the 

qj, expressed by equation (3.14), implies that c~ i s  the number of  gram moles of the j-th compo- 
nent in the hypothetical mixture of components only whose gaseous phase is  of weight Mo, where 

! 

Mo = Z q j M j  (3.15) 
J 

See tot example, MacDougall, F. H., Thermodynamics and Chemistry: 

Inc., Ne~ York, 3d ed., 1939. 
See also Beatde,  J. A., ~;ork cited in footnote 13. 

John Wiley & Sons, 
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and where Mj is the molecular  weight  of  the j-th component.  

been given for each of  the par t icular  computation programs. 

conta ined in a gas  phase  of  weight  M o has  been shown to be 

n =G "l ,  

Expl ic i t  express ions  for M o h a r t  

The total nur~ber of  m o l e s  of  ~,:;~-~, 

(6.1) 

where the general  definit ion of G is  

S 

G = I  + Z ( v  i ' l )  xi" 
i=c + I 

(4. I1) 

Expl ici t  express ions  for G have  been given for each of  the partic-alar cor~tp~t~.ttion prog, rarns. ~i,i'e 

have  a lso  shown that 
S 

n =1 + ~ . . . _  (1-V i) n i (~. 16) 
i=c + 1 

for a computation conducted  in terms of  the number of moles  n k ins tead  of the mole fraction ~, :~: 

of  the cons t i tuen ts  k = 1, 2, . . . s. The mean molecular  weight M of  the ~,a:; phase  i~ evidently 

given by 

M =Mo/n. (6.2, 

E'e have assumed that the ga s  p h a s e  is descr ibed by a law in one or the other of  the akern~-  

rive forms 

nRT 
~,/,o = ~ ~ (p,T),  (6 .3)  

Mo 

nRT 
p / ~  = -rr- ,  * (~ '  T). (6 .4 )  

For an ideal  gas ,  ~p = 1 and ~ = 1. The first express ion  determines the den'zity as  a function of 

pressure ,  temperature, and composit ion.  The second  e :~ress ion  detern~ine'~; the prep, stare a~, ;t 

function o f  densi ty ,  temperature, and composit ion.  The  m csiar volome v ~ d  the denMt T arc, r~- 

la ted  by 

v =M/0 --Mo/n 0. (6.5) 

The Thermodynamic Proporties of Ideal Gas Mi×*ure.~ 

The enthalpy and energy of  a .sy,atem are undefined }o the extent  of an arbitrary addi t ive  con- 

stant.  This  fact  i s  of  no consequence  in prac t ica l  appl icat ions ,  as  one aI~a),s  w i s h e s  to know 

the difference of  enthalpy (or enerb3,) between two different s ta tes ,  and this difference i~ ou,:trr~- 

b iguously  defined. The enthalpy or energy of  an equilibrium mixture of corribustion g a s e s  rnu:-,t 
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therefore be evaluated relat ive to some convenient s ta te  taken as  standard" Evidently,  in cal- 

culating the difference of enthalpy or energy between two s ta tes ,  the functions for each s tate  

must be evaluated relat ive to the same standard state .  

As standard s tate  for the equilibrium mixture of combustion gases ,  we shal l  usual ly  employ 

the s toichiometr ical ly  equivalent mixture of elements, each element being in i t s  customary stand- 

ard state. The standard s ta te  of carbon is  taken to be solid graphite at  O ° K., and that for hydro- 

/:en, oxygen, or nitrogen to be hypothet ical  ideal  gas at O ° K. 

~e  define the relat ive molar enthalpy H of a gas mixture a s  the difference between the en- 

thalpy of 1 mole of the mixture and the entl, alpy of the s to iehiometr ica l ly  equivalent  mixture of 

elements in their s tandard s ta tes .  For an ideal  gas mixture, we write 

S S 

H* (p,T) = ~ .  x k (H ° -  E°) k + ~ _  x k (AfE°)k, (6.6) 
k=l k=l 

uhere the as ter isk  i s  en, ployed to specify that the quantity i s  evaluated for an ideal  gas  mixture. 

I,, this expression,  (H ° - Eo°) k i s  the change in enthalpy when I mole of  the k-th const i tuent  is  

taken from i ts  standard s ta te  to a s ta te  of temperature T and suff ic ient ly  low pressure  such that 

the ideal  gas law and file Gibbs-Dalton law are appl icable ,  and (AfE°)k i s  the change of energy 

(equal to the enthalpy at O ° K.) accompanying the formation of 1 mole of the k-th const i tuent  in 

i ts standard s ta te  from the elements in their  standard s ta tes .  The quantity (H ° - E°)k i s  a func- 

tion of the temperature only that can be ca lcu la ted  by s t a t i s t i c a l  methods from the spec t roscopi -  

c;~llv observed energy leve ls  of the k-th constituent.  (AfEo°)k i s  a constant for given k that can 

he deduced from appropriate colorimetric experiments.  The re la t ive  molar enthalpy H* of the gas  

mixture i s  a function of both temperature and pressure ,  as  the mole fract ions x k are functions of 

both temperature and pressure.  

For an ideal gas  mixture, the re la t ive  molar energy E of the mixture i s  given by 

S S 

E, (p,T) = xk ( c O .  EO) k + xk (AfZo°)k, (6.7) 

k =l k =1 

u here (E ° - E°)k is the change in energy when 1 mole of  the k-th const i tuent  i s  taken from i ts  

standard state to a state of temperature T and suff ic ient ly  low pressure  so that the ideal  gas  

1.~xxs are appl icable .  For ideal  gas  mixtures, we a lso  have the well-kno~ll relation 

H* =E* ÷ pv =E* + RT, (6.8) 

,;.here v is  the molar volume and R is  tile gas  constant.  

The molar heat  capaci ty  at constant  pressure  Cp* and the molar iaeat capaci ty  a t  constant  

volume Cv* can be computed by the re la t ions 

S 

Cp* = ~ x  k Cp~, 
k=l  

S 

Cv* = ~ x  k Cv~, 

k=l 

(6.9) 
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where Cp~. and Cv~. are the heat capacit ies at constant pressure and at constant volu~ae, re~p~.'c- 

tively, of the k-th c o n s t i t u e n t  at temperature T and pressure sufficiently low so that the ideM ~i:~, 

laws are applicable. For an ideal gas mixture, we also have the well-knov.,a relation 

Cp* =Cv* + R. (6.10) 

The adiabatic exponent y* can be calculated from the relations 

y ,  =cp__* =t  + R  _ Cp* (c .I i )  
Cv* Cv* Cp* - R" 

Cp~. and Cv~ are functions of temperature only that can be calculated by stat is t ical  methods from 

the spectroscopical ly observed energy levels  of the k-th constituent. 

"lhe molar entropy of an ideal gas mixture is  given by 

S S 

~ X  k ~ logxk  R1 o g p ,  (6.12) S* (p,T) = S~ - R x k - 
k=l k--I 

where S~. is the entropy of the k-th constituent in the hypothetical ideal gas at unit pressure and 

temperature T and can be calculated by s tat is t ical  methods from the spectroscopical ly deternJined 

energy levels  of the k-th constituent. 

In the consideration of combustion processes ,  it is frequently desirable to refer the extensive 

thermodynamic properties to a fixed weight of the system. The specific enthMpy h* i~ the en-  

thalpy per unit weight and is  given by 

1 n 
h* (p,T) =M H* (p,T) = ~ H *  (p,T), (6.13) 

Mo 

the specific energy e* by 

and the specific entropy s* by 

][ n 

e* (p,T) =M E* (p,T) = Mo~E* (p,T), (6.14) 

s* (p,T) --- _I S* (p,T) = n S* (p,T). (6.15~ M 

The thermodynamic properties of the gas mixture, assumed to be ideal, may be considered to 
be fimcdons of the temperature and density. The dependence of the properties considered or, the 

pressure (or density) is explicit  only in the case of the entropy. In the ease of all of the other 

properties, the dependence, on pressure (or density) is  implicit, arising froth, the dependence of the 

equilibrium compositions on the pressure (or density). The relations given can be employed witl~- 
out modification for computation of the enthalpy, energy content, and heat capaci t ies  of the eq0J- 

librium mixture at specified density and temperature. The entropy is given hy the relation 

G S 

S * ( p , T )  = x k S ~ - R  x k l o g x  k R lo g  ~ (6. 16) 
k=l k=l 
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The Thermodynamic Properties of Imperfect Gas Mixtures 

BeattielS--8--~ has comprehensively discussed the thermodynamics of imperfect gas mixtures that 

contains a systematic derivation of the general relations required to take account of the effect  of 

gas imperfection on the calculation of the thermodynamic properties.  In the present  section we 

assemble those relations of interest  in the consideration of  combustion gases.  

If the equation of s tate  is of the form 

pv =RT q) (p,T), (6.17) 

x, llerc v =M/P is the molar volume, one obtains the following relations 

H(p,T) = t I*(p ,T)-  RT 2 f P  ~q) dp 
o T p " 

~q) dp 
S(p,T) = S*(p,T) - R f P  [q~- I + T ] - -  

o ~ p '  
(6.18) 

* fP ~2c0 ~q~ dp 
Cp(p,T) = Cp(p,T)-  RT o IT - -~T  2 + 2 ~ ] --p 

for the relative molar enthalpy H, molar entropy S, and molar heat capacity Cp of the real gas mix- 
rure at temperature T and pressure p. The quantities designated by an asterisk are evaluated as 
described in the preceding section. The integrals can be evaluated explicitly for particular forms 
of the equation of state. The relative molar energy content is evaluated from the relation 

E ( p , T ) = H ( p , T ) -  R T ~ ,  (6.19) 

and the heat capacity at constant volume, if  required, may be evaluated with the aid of the well- 
known relation 

[ 2 /  (6.20) %- c~ = "r ~TI v ~ ~:Z'l p 

If die equation of s tate  is  of the form 

p = RT 
~s (p, T), (6.21) 

p M 

one obtains the following relations, 

E(p,T)  = E* ( p , T ) -  RT 2 f P  ~V dp 
o ~ T '  

S(O,T) = S* ( 9 , T ) -  R f P [ ¥ - 1 +  ~ ¥  ] dp i6.22) 
o T'bW " 7  ' 

• 0 
c v ( p , T )  = C v ( p , T )  - R T  f 

O 

[T ~52 ~ ~5~ ] dp -~-~  + 2 ~-~- -b-' 

l...,q/ Beattie, J. A., Work cited in footnote 13. 
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for the relative molar energy content E, molar entropy S, and molar heat capaci ty  C v at tempera- 
ture T and density P . The quantifies designated by an aster isk are evaluated a s  described in 

the preceding section. The integrals  can be evaluated explicit ly for particular forms of the eq~ta- 

tion of state. The relative molar entropy can be evaluated from the reladon 

H(f~,T) = E(P,T) + RTW, (6.23) 

and the heat  capacity at constant  pressure ,  if  required, can be evaluated v,4th the aid of e~¥~atiort 
(6.20). 

VII .  DESCRIPTION OF A GENERALIZED T A B L E  OF THE EQUILIP.;RIU?a COt.*iloOSITlOtl 

AND THERMODYNAMIC PROPERTIES OF COMBUSTIOII GASES 

The Explosives  and Phys ica l  Sciences Division of the Bureau of Mir, e~ is  ealculatin!; ~.,. m;;,~> 

s i r e  table that will l i s t  the equilibrium composition and thermodynamic pr~,perties a~ eqmlibriu~,, 

over an extended range of  temperature and pressure,  of gas mixtures containing compound~ of car- 

bon, hydrogen, nitrogen, and oxygen. The methods of computation described in thic report have 
been employed in the tabuladon.  1-9.0/ 

The table includes all poss ib le  combinations of the four elements,  the spacing of  c~eu!a t ed  

points  being small enough to permit accurate  interpolation in the table. The temperature range'~. 

from 1,000 ° to 5,000 ° K. and the pressure  from 0.1 atmosphere to pres~.~ures great enough to in- 

clude those of i n t e r i o r  ba l l i s t ics .  The t a b l e  is the result  of nearly a m i l l i o n  individual 
computations. 

The resul ts  of the individual computations are recorded on punched c~rds. Because of the 

s ize  of the project,  publicat ion in tabular form of the complete table i~ impractical, tIowevcr, the 

f i le of punched cards const i tu tes  a reference table  with all of the computatic,nal resul ts  in e;~,t, ily 

acces s ib l e  form. This  reference table  can readily be employed in the consideratiQn of sp~_-cific 

problems. The results of such appl icat ions  ~ill  be published in a ser ies  of  reports to be ih~,~ed 
by this laboratory. 

It is  ant icipated that the table will have a wide range of application to the speci;d int~;rc,:.t'; 
of  many organizations.  The cooperation of  interested organizations is  invited so that the rjrcatcst 

poss ib le  uti l ization of the t ab le  may be  achieved. The Bureau will ,:.,eleo;~e s*aggestio;~s for ;a~ 
• plying the table to. specif ic  problems. 

The state is  uniquely determined by specif icat ion of two state varLable~, for whichpurF~se 

we select  the temperature and pressure .  In the table, the temperature takes on the values  

T(°K.) = 1,000 (100) 1,600 (200) 5,000, 

where ff~e interval spacing of the argument of  a table is given in paren:he:~es, and the lower a,.d 

upper limits for which the interval applies are given to the left and right, respec t ive ly ,  of the 

10__/ A preliminary announcement of tlfis table appeared in Chem. EnL~. News, vol. 27, Sept. 5, 
1949, p. 2540-2541. 
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number in parentheses.  This statement is  to be read "Th e  temperature, in degrees Kelvin, ranges 

from 1,000 to 1,600 with an interval of I00 and from 1,600 to 5,000 with an interval of 200."  

A closer spacing is necessary  at low than at high temperatures to permit accurate interpola- 

tion xvith respect to temperature in the table. It has been found by means of sample calculations 
that interpolation with respect  to the pressure is facili tated by the use of a logarithmic scale. 

in the table, the pressure ranges from 0.1 to 100 atmospheres in the following way: 

Iog p =-1.0 (0.2) 2.0.- 

It is intended subsequentIy to extend the portion of  the table that is of interest  in considering gun 

propellants to pressures high enough to permit its application to the calculations of interior bal- 

l istics.  In this portion of the table the temperature and density will be taken as  the independent 

state variables. 

In selecting the table arguments that define the gross composition, we have employed, for the 

heterogeneous region containing solid carbon, the quantit ies D and E given by equations (3.3). In 

the table, these variables take on the values 

D =O (0.1) 0.9 

E =O (0.1) 1.0. 

For the homogeneous part of the table we employ the parameters A, B, and C, defined by equa- 
tions (3.2). In the table, the variables A, B, and C take on the following values: 

A =O (0.1) 0.9 

B =O (0.1) 0.5, 1.0 

C =0.1 (0.05) 0.9 subject to C>~C 1. 

For each composition defined as indicated and for each temperature and pressure, the compo- 
sition at thermodynamic equilibrium is calculated by the numerical methods that have been de- 

scribed in this report. ~X~e have assumed that the mixture at equilibrium may contain the following 

gaseous constituents: CO, CO2, H2, H20 i N2, 02,  OH; NO, H; N, O; N-H3, "CH4," T-hi-s-selection- 
neglects a number of additional possible constituents, and it  was dictated by the storage capacity 

ol the computer. However, it is believed that the consti tuents of  major importance have been con- 

sidered. In exceptional cases, where it is  desired to consider the existence of additional constit-  

uents, the present work will provide the starting basis for a more detailed calculation, which 

should be very simple. 

The mole fraction of each consti tuent of the gas at equilibrium is recorded in punched-card 

form. In addition, for the heterogeneous mixtures the punched cards record the value of the de- 

pvndent gross composition parameter, which defines the location of the carbon boundary surface. 
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The results of the calculation of the equilibrium composition are er0ployed in the usual man- 
ner to calculate the density, energy content, heat content (enthalpy), and entropy of the eqailib- 
rium mixture. The table of thermodynamic properties may be considered to be a Mollier cbar~, ir~ 
punched-card form, for each of the different mLx'tures of  the four elements considered. 

In constructing the table we employed the values of the thermodynamic properties of the indi- 

vidual constituents recommended by the National Bureau of Standards. 20/ For pressures below 

100 atmospheres we employed the ideal gas equation of state. 

Only brief reference can be made here to some of the applications anticipated for the table. 

The flame temperatures of a variety of fuels burning under a wide range of conditions can re::tdily 

be estimated. 21/ Hottel and Eberhardt2-~ / have discussed the application of Mollier dia,~ar,~, to 

performance studies of internal combustion engines, and Sucrow2-~ ~/ summztrizes their applic;:ttion 
to performance studies of jet-propulsion and gas-turbine engines. The treble ~,dll be useful in pre- 
dicting the operating conditions for various gas-synthesis processes that will produce a prod,ue,t 

gas of desired characteristics. 

2_0./ 

21/ 

23/ 
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Tables of Selected Values of Chemical Thermodynamic Properties: Issued at irregular in~tr- 
vals by the National Bureau of Standards, Washington, D. C. 

Le~4s, B., and yon Elbe, G., Combustion, Flames, and Explosion in Gases: Cambridge Uni- 

versity Press, Cambridge, 19~S, Chap. XIX. 

Hottel, H. C., and Eberhardt, J. E., Mollier Diagrams for the Intem~-Combusrion Engine: 

Chem. Rev., vol. 21, Dee. 1937, pp. 439-460. 

Sucre% M.J., Principles of Jet Propulsion and Gas Turbines: John ~Aley ~: Sons, Inc., New 
York, 1947, Chap. III. 
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